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1. An introduction to dynamic optimization --
Optimal Control and Dynamic Programming
AGEC 637 - Summer 2009

I.  Overview of optimization

Optimization is the unifying paradigm in almost@tlonomic analysis. So before we
start, let’s think about optimization. The treédveprovides a very nice general
representation of the range of optimization proldéhat you might encounter. There are
two things to take from this. First, all optimiat problems have a great deal in
common: an objective function, constraints, andahweariables. Second, there are lots
of different types of optimization problems and hgou solve them will depend on the
branch on which you find yourself.

In terms of the entire tree of all optimization pplems, the ones that could be solved
analytically would represent a couple of leavelsest — numerical methods must be used
to solve the rest. Fortunately, a great deal ealedrned about economics by studying
those problems that can be solved analytically.

Integer
Progranuming

Smcha.:rdp
Lramming
A

-~ Optimization
Source The Optimization Technofogy Center: http://wwveawrthwestern.edu/OTC/

In this course we will use both analytical and ntice methods to solve a certain class
of optimization problems. This class focuses @eteof optimization problems that have
two common features: the objective function isn@dir aggregation over time, and a set
of variables called the state variables are com&dsacross time. And so we begin ...



ll. Introduction — A simple 2-period consumption model

Consider the simple consumer's optimization problem
maxu(z,,z,) st.
z

PaZy + Ppzy = X
[pay attention to the notatiomis the vector of choice variables an the consumer's
exogenously determined income.]

Solving the one-period problem should be famileayou. What happens if the consumer
lives for two periods, but has to survive off oétimcome endowment provided at the
beginning of the first period? That is, what happ#é her problem is

maxU (Za 21 Zon Z2) =U (2, 2,) st

P'Z+tp'z,sX
where the constraint uses matrix notation vth [ P, pb] refers to a price vector and

z = [zm zjb] . We now have a problem of dynamic optimizatiorhd we chose;, we
must take into account how it will affect our chesan period 2.

We're going to make lauge (though common) assumption and maintain that assamp
throughout the course: utility is additively sefdeaacross time. (See Deaton and
Muellbauer pp. 137-142 on the negative implicatiohassuming preferences are
additive)

u(z) = u(z) +u(z,)

Clearly one way to solve this problem would be pstve would a standard static
problem: set up a Lagrangian and solve for allmatichoices simultaneously. This may
work here, where there are only 2 periods, butathave 100 periods (or even an infinite
number of periods) then this could get really mesHlyis course will develop methods to
solve such problems.

Instead of using brute force to find the solutiohall theZ's in one step, we reformulate
the problem. Lex; be the endowmenthich is available in period 1, axd be the
endowment that remains in period 2. Following fritva budget constraint, we can see
thatx,= x1—p'z;, with x.=0. In this problenx, defines thestate that the decision maker
faces at the start of period 2. The equation whescribes the change in théom
period 1 to period 2,—x1=—p'z,, is called thestate equation This equation is also
sometimes referred to as tégpiation of motion or thetransition equation.



This is a good point to introduce som&ery important terminology:

X iIs what we call gtate variablebecause it is the state that the decision-makessfac
in periodt. Note thak; is parametric (i.e., it is taken as given) to deeision-

maker's problem i andx.1 is parametric to the choices in perisd. Howeverx,,,

is determined by the choices made.iThe state variables in a problem are the
variables upon which a decision maker bases hisor her choicesin each period.

Another important characteristic of state varialdethat typically the choices you
make in one period will influence the value of Htate variable in the next period.

A state equationdefines the intertemporal changes in a state blaria

z is the vector of" periodchoice variables Choice variables determine the
(expected) payoff in the current period and theéexed) state next period. These
variables are also referred toa@trol variables and | will use the terms
interchangeably.

p. andpy, areparametersof the model. They are held constant or change
exogenously and deterministically over time.

Finally, we have what | calhtermediate variables These are variables that are
really functions of the state and control varialded the parameters. For example, in
the problem considered here, one-period utilitylmhlge carried as an intermediate
variable. In firm problems, production or profiight be other intermediate variables
while productivity or profitability (a firm’s cap#y to generate output or profits)
could be state variable®o you see the difference? Thisis very important (see

PS#1). When you formulate a problem it is very importamtitstinguish state
variables from intermediate variables.

The single-period utility functiony(z) will be called thebenefit function.

In many problems there are benefits (or costs)dbatue at the end of the planning
horizon. This is captured in models by includingpévage value

The sum (or integral) over the planning horizorsghe salvage value determines the
objective function. We usually use discounting when we sum up ovee.ti

All of the problems that we will study in this ceerfall into the general category of
Markov decision processe$MDP). In an MDP the probability distribution oviére
states in the next period is wholly determinedh®y ¢urrent state and current actions.
One important implication of limiting ourselvesMDPs is thattypically, history

does not matter, i.e.x+1 depends og andx;, irrespective of the value @f;. When
history is important in a problem then the relevaistorical variables must be
explicitly included as state variables.

In sum, the problems that we will study will hate tfollowing features. In each period
or moment in time the decision maker looks at thgesvariablesx), then chooses the
control variablesZ). The combination of; andz generates immediate benefits and
costs. They also determine the probability distiitn overx in the next period or
moment.
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We now rewrite our consumer’s problem, this time&kim@ use of the state equation:

2
max) u(z) st.
2 =1

X[+1_X[__pz[ t:l,2 (l)
X120

x, fixed
We now have a nasty little optimization problemhafibur constraints, two of them
inequality constraints — not fun. This course Wwélp you solve and understand these

kinds of problems. Note that this formulation istg general in that you could easily
write then-period problem by simply replacing the 2’s in @ijh n.

lll. The OC (optimal control) way of solving the problem

We will solve dynamic optimization problems usimgptrelated methods. The first of
these is calledptimal control. Optimal control makes use of Pontryagin's maximu
principle.

To see this approach, first note that for most ifigations, economic intuition tells us
thatx,>0 andx;=0. Hence, fot=1 ({+1=2), we can suppress inequality constraint in (1)
We'll use the fact that;=0 at the very end to solve the problem.

Write out the Lagrangian of (1):
2
L=>[u(z.%)*A (% ~%.,~p'z)] ()
t=1

where we include; in u()/for completeness, though/dx =0.

More terminology

In optimal control theory, the variablgis called thecostate variableand, following the
standard interpretation of Lagrange multipliersiabptimal valuel; is equal to the
marginal value of relaxing the constraint. In tbése, that means it is the marginal value
of the state variable;. The costate variable plays a critical role imayic optimization.

The FOCs for (2) are standard:
dL/0z, =0u/0z—Ap =0, i=ab, t=12

AL/dx, :g—u—)ll+/12 =0
X

2
0L/0A, =(X =%, —p'z)=0 ,t=1,2.
We now use a little notation change that simpliffes problem and adds some intuition
(we'll see how the intuition arises in later lee)r That is, we define a function known
as theHamiltonian where

H=u(z,%)+A(-p'z).



Some things to note about the Hamiltonian:
« thet™ Hamiltonian includes onlg and A,
* Unlike in a Lagrangian, only the RHS of state epumappears in the parentheses.

In the left column of table below we present thistforder conditions of the Lagrangian
specification. Then on the right we present thevdéve of the Hamiltonian with respect
to the same variables. By comparison, we thersearwhat we would have to place on
the right-hand side of the first derivative to abtdhe same optimum if using the
Hamiltonian that we would reach if we used the laagjian approach.

Lagrangian Hamiltonian
2
L= D[ (2, 2)+ A 04 = %0 = (Pazia + Po2))] H=u(z,%)+A(-p'z)
t=1
Standard FOCs oH/Jd
i:a_u[—/]tpl =O,t:1,2,i=a,b z a_H:a_Ut_/‘tp So RHS must be
0z; 0z, 0z; 0z 0
oL _ au([)]_/h_H12 ~0 X, oH _ du(z,,x,) So RHS must be
oxX,  0X, 0X, 0X, A=A
oL , oH So RHS must be
— =X - -p'z =0 ,t=1,2,i=a,b —=-p'
oA, X~X1~"P 7% A o, Pz X — %

Hence, we see that for the solution using the Ham#an to yield the same maximum the
following conditions must hold

1. a_H =0 - The Hamiltonian should be maximized w.r.t. the coint

0z, variable at every point in time.

oH The costate variable changes over time at a ratal ¢gj
2. v =A4 A fort> = minus the marginal value of the state variablénéo t

% Hamiltonian.

oH _ .

3. N =Xa ™K = The state equation must always be satisfied.
t

When we combine these with & dondition, called the transversality condition\thae
transverse over to the world beyoni&1,2) we're able to solve the problem. In thisecas
the condition thaksz =0 (which for now we will assume to hold withoubpf) serves that
purpose. We'll discuss the transversality conditromore detail in a few lectures.

These four conditions are the starting points &viag most optimal control problems
and sometimes the FOCs alone are sufficient torstated the economics of a problem.
However, if we want an explicit solution, then wewld solve this system of equations.

Although in this class most of the OC problems iMate are in continuous time, the
parallels should be obvious when we get there.




IV. The DP (Dynamic programming) way of solving the prblem

The second way that we will solve dynamic optim@atproblems is using Dynamic
Programming. DP is abobtickward induction — thinking backwards about problems.
Let's see how this is applied in the context ofZzkgeriod consumer's problem.

Imagine that the decision-maker is now in period&ing already used up part of her
endowment in period 1, leavingto be spent. In period 2, her problem is simply

V,(x,) =maxu,(z,) st.

P’z <X
If we solve this problem, we can easily obtainfilngctionV(x,), which tells us the
maximum utility that can be obtained if she arriireperiod 2 withx, dollars remaining.
The functionV([J)is equivalent to thendirect utility function withp, andp, suppressed.
The period 1 problem can then be written

maxu +V,(X,) st.

¢ () +Va(x,) 3

X% =X%-p'z
Note that we've implicitly assumed an interior $iol so that the constraint requiring
thatxs=0 is assumed to hold with an equality and can perassed. Once we know the
functional form ofV([)} (3) becomes a simple static optimization probésmd its solution
is straightforward. Assume for a moment that thecfional form ofV(x,) has been

found. We can then write out Lagrangian of thstfperiod problem,
L=u(z)+V,(X,)+ A, (X, p'z,—X,) .

Again, we see that the economic meaning of theat®s@ariabled; is just as in the OC

setup, i.e., it is equal to the marginal value ahé of x;.

Of course the problem is that we do not have ahi@kfunctional form forV(J and as
the problem becomes more complicated, obtainingheational form becomes more
difficult, even impossible for many problems. Henthe trick to solving DP problems is
to find the functionv([).

V. Summary

* OC problems are solved using the vehicle of the iHanian, which must be
maximized at each point in time.

» DP is about backward induction.

» Both techniques are equivalent to standard Lagaanigichniques and the
interpretation of the shadow pricd,is the same.

VI. Reading for next lecture
Leonard and Van Long, chapter 2.
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