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ABSTRACT

Knowledge of the dependence structure between financial assets is crucial
to improve the performance in financial risk management. It is known
that the copula completely summarizes the dependence structure among
multiple variables. We propose a multivariate exponential series
estimator (ESE) to estimate copula densities nonparametrically. The
ESE has an appealing information-theoretic interpretation and attains
the optimal rate of convergence for nonparametric density estimations
in Stone (1982). More importantly, it overcomes the boundary bias of
conventional nonparametric copula estimators. Our extensive Monte
Carlo studies show the proposed estimator outperforms the kernel and the
log-spline estimators in copula estimation. It also demonstrates that two-
step density estimation through an ESE copula often outperforms direct
estimation of joint densities. Finally, the ESE copula provides superior
estimates of tail dependence compared to the empirical tail index
coefficient. An empirical examination of the Asian financial markets using
the proposed method is provided.
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1. INTRODUCTION

The modeling of multivariate distributions from multivariate outcomes is an
essential task in economic model building. Two approaches are commonly
used. The parametric approach assumes that the data come from a specific
family. The maximum-likelihood estimators or the methods of moments are
often used to estimate unknown parameters of the assumed parametric
distributions. The multivariate normal distribution is a popular choice for
multivariate density estimation. More generally, the elliptic distribution
family is often used due to its appealing statistical properties. Although
they are efficient when the distribution is correctly specified, the parametric
estimators are generally inconsistent under misspecification. For example,
the elliptic family is often inadequate to capture the pattern of empirical
data. This is especially true when we estimate a multivariate asset return
distribution or try to account for nonlinear dependence among several assets
in financial econometrics (Embrechts, McNeil, & Straumann, 1999).

Alternatively, one can estimate densities using nonparametric methods.
Popular nonparametric estimators include the kernel estimator and the
series estimator. Because they do not impose functional form assumptions,
nonparametric estimators are consistent under mild regularity conditions.
However, this robustness against misspecification comes at the price of a
slower convergence rate. In other words, nonparametric estimators typically
require a larger sample than their appropriately specified parametric
counterparts to achieve a comparable degree of accuracy. In addition,
nonparametric estimations of multivariate outcomes suffer the ‘‘curse of
dimensionality,’’ the amount of data needed for the multivariate estimations
to obtain a desirable accuracy grows exponentially.

In this study, we focus on a specific strategy of estimating multivariate
densities: the copula approach. According to Sklar (1959), the joint density
of a continuous multidimensional variable can be expressed uniquely as a
product of the marginal densities and a copula function, which is a function
of corresponding probability distribution functions of margins. Since the
dependence structure among the variables is completely summarized by the
copula, it provides an effective device for modeling dependence between
random variables. It allows researchers to model each marginal distribution
that best fits the sample, and to estimate a copula function with some
desirable features separately. In practice, the joint distribution is often
estimated with certain functional form restrictions on the specific margins
and copula, respectively. For example, the t-distribution can capture the
tail heaviness in the margins while the Clayton copula allows asymmetric
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dependence. Extensive treatments and discussions on the properties of
copulas can be found in Nelsen (2006) and Joe (1997).

There is a growing literature on the estimation of multivariate densities
using copulas; see, for example, Sancetta and Satchell (2004), Chen, Fan,
and Tsyrennikov (2006), Hall and Neumeyer (2006), Chen and Huang
(2007), and Cai, Chen, Fan, and Wang (2008). Two approaches are
commonly used. The two-step approach models the marginal distributions
and the copula function sequentially, using the estimated marginal
distributions as input in the second stage. Alternatively, one can estimate
the margins and the copula function simultaneously. The one-step method is
generally more efficient, but often computationally burdensome. For either
approach, one can use parametric or nonparametric estimators for the
margins and/or the copula function. Parametric copulas commonly used in
the literature are parameterized by one or two coefficients, which sometimes
are inadequate to capture the multivariate dependence structure. On
contrary, nonparametric estimators for empirical copula densities are
rather flexible, but might suffer boundary bias, especially the popular
kernel estimator. The boundary bias problem is particularly severe in the
estimation of copula densities, which are defined on the unit hypercube and
often do not vanish at the boundaries.

In this paper, we propose to use an alternative nonparametric estimator:
the exponential series estimator (ESE) in Wu (2007) for empirical copula
density estimation. This estimator is based on the method of maximum
entropy density subject to a given set of moment conditions. Compared with
other nonparametric estimators, the effective number of nuisance para-
meters is largely reduced in the context of the ESE for a typical copula that
is a smooth function. Furthermore, the ESE is free of boundary bias
problem. Our Monte Carlo simulations demonstrate that the ESE provides
an overall superior performance than some commonly used nonparametric
estimators do in copula density estimations. The two-step density estimation
through the ESE copula often outperforms direct estimation of multivariate
densities. We also examine the estimation of the tail dependence index,
an important risk measure in financial management. Our results suggest that
estimations based on the ESE substantially outperform the empirical tail
dependence index, especially for extreme tails and small samples.

The rest of the paper is organized as follows. Section 2 presents a brief
review of copula, its estimation, and the tail dependence index, whose
estimation is investigated in our simulations. Section 3 presents the ESE
and discusses its merits as an empirical copula density estimator. Section 4
reports Monte Carlo simulations on the ESE estimations of copula
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densities, multivariate densities, and tail dependence indices. Section 5
provides a financial application of the empirical copula density estimation.
The last section concludes.

2. COPULA

In this section, we briefly review the literature on copula, its estimation, and
the tail dependence index, which can be calculated from a copula function.

2.1. Background

Copula is introduced by Sklar (1959) and has been recognized as an effective
device for modeling dependence among random variables. It allows
researchers to model each marginal distribution that best fits the sample,
and to estimate a copula function with some desirable features separately.
The dependence structure among variables is completely summarized by the
copula function.

According to Sklar’s theorem (Sklar, 1959), the joint distribution function
of a d-dimensional random variable x can be written as,

FðxÞ ¼ CðF1ðx1Þ; . . . ; FdðxdÞÞ

where x ¼ (x1,y, xd), Fi is the marginal distribution for xi, i ¼ 1,y, d, and
C: [0, 1]d-[0,1] is the so-called copula function. If the joint distribution
function is d-times differentiable, then taking the dth partial derivative with
respect to x on both sides yields

f ðxÞ ¼
@d

@x1@x2 � � � @xd
FðxÞ

¼
Yd
i¼1

f iðxiÞ
@d

@u1@u2 � � � @ud
CðF1ðx1Þ; . . . ; FdðxdÞÞ

¼
Yd
i¼1

f iðxiÞcðu1; . . . ; udÞ ð1Þ

where fi ( � ) is the marginal density of xi and ui ¼ FiðxiÞ; i ¼ 1; . . . ; d. In
Eq. (1) we note that the multiplicative decomposition of the joint density
into two parts. One describes the dependence structure among the random
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variables in the copula function, and another describes the marginal
behavior of each component.

There exists a unique copula function for a continuous multivariate
variable. This copula function completely summarizes the dependence
structure among variables. In addition, an appealing property of copula is
that it is invariant under increasing transformation of the margins. This
property is particularly useful in financial research. For example, the
copula function of two asset returns does not change when the returns are
transformed into a logarithm scale. In contrast, the commonly used linear
correlation is only invariant under linear transformation of the margins.

2.2. Estimation

There is a growing literature on the estimation of multivariate densities
using copulas. Both parametric and nonparametric estimators have been
considered in the literature. Either method can take a two-step or a one-step
approach. In the two-step approach, each margin is estimated first and the
estimated marginal CDF’s are used to estimate copulas in the second step.
The estimated parameters (in the parametric case) are typically inefficient
when estimated in two steps. In principle we can also estimate the joint
density in one step, in which the margins and the copula are estimated
simultaneously. Although the estimated parameters (in parametric case) are
efficient in this case, the one-step approach is more computationally
burdensome than the two-step approach. In empirical work, we sometimes
have prior knowledge on the margins but not on the structure of the
dependence structure among them. Consequently, the two-step approach
may have an advantage over the one-step approach in terms of model
specification, although the estimates may be less efficient.

In practice there is usually little guidance on how to choose the best
combination of the margins and the copula in parametric estimations.
Therefore, semiparametric and nonparametric estimations have become
popular in the literature recently. The main advantage of these estimation
methods is to let the data determine the copula function without restrictive
functional assumptions. In semiparametric estimations, often a parametric
form is specified for the copula but not for the margins. The parameters in
the copula function are estimated by the maximum-likelihood estimator.
See earlier application in Oakes (1986), Genest and Rivest (1993), Genest,
Ghoudi, and Rivest (1995), and more recently in Liebscher (2005) and Chen
et al. (2006).

Exponential Series Estimation of Empirical Copulas 267



Alternatively, nonparametric estimator does not assume parametric
distributions for the margins or the copula function. In this way, nonpara-
metric estimator offers a higher degree of flexibility, since the dependence
structure of the copula is not directly observable. It also illustrates an
approximate picture helpful to researchers in subsequent parametric
estimation of the copula. In addition, the problem of misspecification in
the copula can be avoided. The earliest nonparametric estimation of copulas
is due to Deheuvels (1979), who estimated the copula density based on the
empirical distribution. Estimators using kernel methods have been con-
sidered in Gijbels and Mielnicnuk (1990), Fermanian and Scaillet (2003)
in a time series framework, and Chen and Huang (2007) with boundary
corrections. Recently, Sancetta and Satchell (2004) use the Bernstein
polynomials to approximate the Kimeldorf and Sampson copula. Hall and
Neumeyer (2006) use wavelet estimators to approximate the copula density.
Alternatively, Cai et al. (2008) use a mixture of parametric copulas to
estimate unknown copula functions.

The kernel density estimator is one of the mostly popular methods in
nonparametric estimations. Li and Racine (2007) provide a comprehensive
review of this method. In spite of its popularity, there are several drawbacks
in kernel estimation. If one uses a higher order kernel estimator in order
to achieve a faster rate of convergence, it can result in negative density
estimates. In addition, the support of data is often bounded with high
concentration at or close to the boundaries in application. This boundary
bias problem is well known in the univariate case, and can be more severe
in the case of multivariate bounded support variables; see Muller (1991) and
Jones (1993).1

The log-spline estimators have also drawn considerable attention in
the literature and have been studied extensively by Stone (1990).2

This estimator has been shown to perform well for density estimations.
However, it suffers a saturation problem. If we denote s the order of the
spline and the logarithm of the density defined on a bounded support has r
square-integrable derivatives, the fastest convergence rate is achieved only
if sWr. Like the kernel estimator, the log-spline estimator also faces a
boundary bias problem. It is known that boundary bias exists if the tail
has a nonvanishing kth order derivative, while the order the (local)
polynomial at the tail is smaller than k. For example, suppose that the
tails of a copula density can be represented as a K degree polynomial, where
the coefficient for the Kth degree term is nonzero. If the order of the log-
spline estimator is smaller than K, then the tails cannot be estimated
consistently.
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2.3. Tail Dependence Coefficient (TDC)

The copula facilitates study on the dependence structure among multiple
variables. There are various measures of dependence. For example, the
correlation is commonly used to capture linear dependence between two
variables. However, it is known that two variables can be dependent while
having a zero correlation. Moreover, the correlation is not invariant to
nonlinear transformation of variables. A popular nonlinear dependence
measure is Kendall’s t, which is invariant to increasing transformation of
variables. Starting with two independent realizations (X1,Y1) and (X2,Y2)
of the same pair of random variables X and Y, Kendall’s t gives the
difference between the probability of concordance and the probability of
discordance:

tðX ;YÞ ¼ P½ðX1 � X2ÞðY1 � Y2Þ40� � P½ðX1 � X2ÞðY1 � Y2Þo0�

for tA[–1, 1]. As is discussed above, the dependence structure between two
variables can be completely summarized by their copula. In fact, Kendall’s t
can be expressed as a function of the copula:

tðCÞ ¼ 4

Z 1

0

Z 1

0

Cðu; vÞdCðu; vÞ � 1

Although Kendall’s t offers some advantages over the correlation
coefficient, it only captures certain features of the dependence structure.
In financial industry, risk managers are often interested in the dependence
between various asset returns of the extreme events (during the bear markets
or market crashes). A useful dependence measure defined by copulas is
the tail dependence. In the bivariate case, the tail dependence measures the
dependence existing in the upper quadrant tail, or in the lower quadrant tail.
By definition, the upper and lower TDCs are, respectively,

lU ¼ lim
u!1

Pr½X4F�1
X ðuÞjY4F�1

Y ðuÞ� ¼ lim
u!1

1� 2uþ Cðu; uÞ

1� u
(2)

lL ¼ lim
u!0

Pr½X4F�1
X ðuÞjY4F�1

Y ðuÞ� ¼ lim
u!0

Cðu; uÞ

u
(3)

provided that these limits exist and lU and lLA[0, 1]. The upper (lower)
TDC quantifies the probability to observe a large (small) X, given that Y is
large (small). In other words, suppose, Y is very large (small) (at the upper
quantile of the distribution), the probability that X is very large (small)
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at the same quantile defines the TDC lU(lL). If lU(lL) are positive,
two random variables exhibit upper (lower) tail dependence. Eqs. (2) and (3)
suggest that the TDC can be derived directly from the copula density.
Furthermore, the tail dependence between X and Y is also invariant under
strictly increasing transformation of X and Y.

A more useful interpretation of this concept in finance may be obtained if
we rewrite the definition of lU as,

lU ¼ lim
u!0þ

Pr½X4VaRuðXÞjY4VaRuðYÞ�

where VaRuðXÞ ¼ F�1
X ð1� uÞ is the Value at Risk (VaR). This notation

implies that we have previously multiplied the return by �1. We treat the
losses as positive values. Thus, lU captures the dependence related to stress
periods. Many important applications of the TDC in finance and insurance
concern the dependence modeling between extreme insurance claims and
large default events in credit portfolios, and VaR considerations of asset
portfolios.

3. EXPONENTIAL SERIES ESTIMATION

In this section, we present an alternative nonparametric density estimator
based on the ESE in Wu (2007). We first briefly review the maximum
entropy density, based on which the ESE is derived. We then discuss some
features of the ESE that are particularly suitable for the estimation of
empirical copula densities.

3.1. Maximum Entropy Density

Shannon’s information entropy is a central concept of information theory.
Given a density function f, its entropy is defined as,

Wðf Þ ¼ �

Z
f ðxÞ log f ðxÞdx (4)

whereWmeasures the randomness or uncertainty of a distribution. Suppose
one is to infer a density from a given set of moments, the maximum entropy
principle suggests choosing the density that maximizes Shannon’s informa-
tion entropy among all distributions that satisfy given moment conditions.
Denote f(x; h) the maximum entropy density function that maximizes
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Eq. (4) subject to the following moment conditions:Z
f ðxÞdx ¼ 1

Z
fkðxÞf ðxÞdx ¼ mk; k ¼ 1; 2; . . . ; m

where mk is estimated by m̂k ¼ ð1=NÞ
PN

i¼1fkðxiÞ �!
p

mk for an i.i.d. sample
fxig

N
i¼1 and fk; k ¼ 1; . . . ; m; is a sequence of linearly independent functions.

The first moment condition ensures that f(x) is a proper density function.
The resulting maximum entropy density takes the form

f ðx; hÞ ¼ exp �y0 �
Xm
k¼1

ykfkðxÞ

 !

where h is the vector of Lagrange multipliers associated with given moment
conditions. To ensure f(x, h) a is proper density function, we set

y0 ¼ log

Z
exp �

Xm
k¼1

ykfðxÞ

 !
dx

 !

Therefore,

f ðx; hÞ ¼
expð�

Pm
k¼1ykfðxÞÞR

expð�
Pm

k¼1ykfðxÞÞdx

where h ¼ [y1,y, ym].
In general, analytical solutions for h cannot be obtained and nonlinear

optimization is employed (see, Zellner & Highfield, 1988; Wu, 2003). To
solve for h, we use Newton’s method to iteratively update h according to the
following equation:

hðtþ1Þ ¼ hðtÞ �H�1b

where b ¼ ½b1; . . . ; bm�; bk ¼
R
fkðxÞf ðx; htÞdx� mk and the Hessian matrixH

takes the form

Hij ¼

Z
fiðxÞfjðxÞf ðx; hðtÞÞdx

The maximum entropy problem and maximum-likelihood approach
for exponential families can be considered as a duality problem (Golan,
Judge, & Miller, 1996). The maximized entropy W is equivalent to the
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sample average of the maximized negative log-likelihood function. This
implies the estimated parameters ĥ are asymptotically normal and efficient.

The maximum entropy density is an effective method of density
construction from a limited amount of information (moment conditions).
Alternatively, one can use it as a nonparametric density estimator if the
number of moment conditions is allowed to increase with the sample size at
a suitable rate. We call this estimator the ESE, to distinguish it from the
maximum entropy density, where the number of moment conditions is
typically small and fixed. Barron and Sheu (1991) study the asymptotic
properties of the ESE for a random variable x defined on a bounded
support. A key concept used in their work is the relative entropy, or
Kullback–Leibler distance. Given two densities f and g with a common
support, the relative entropy is defined as:

Dðf jjgÞ

Z
f ðxÞ log

f ðxÞ

gðxÞ
dx

The relative entropy measures the closeness, or the probability discrepancy,
between two densities. Barron and Sheu (1991) show that if the logarithm of
the density has r square-integrable derivatives, that is,

R
jDr log f ðxÞj2o1,

then the sequences of ESE density estimators f̂ ðxÞ converge to f(x) in the
sense of Kullback–Leibler distance

R
f logðf =f̂ Þdx at rate Opðð1=m2rÞ þ

ðm=NÞÞ if m-N and ðm3=NÞ ! 0 as N-N where m is the degree of poly-
nomial and N is the sample size. If m ¼ N1=ð2rþ1Þ, the optimal convergence
rate becomes OpðN

�2r=ð2rþ1ÞÞ. Wu (2007) generalizes the results of Barron
and Sheu to d-dimensional random variables and shows that under similar
regularity conditions, the optimal convergence rate is OpðN

�2r=ð2rþdÞÞ if we
set m ¼ N1=ð2rþdÞ. He further establishes the almost sure uniform conver-
gence rate of the proposed estimator.

3.2. ESE for Copula Density

In this paper, we propose to use the multivariate ESE in Wu (2007) to
estimate copula densities. In the context of entropic estimation, the ESE
empirical copula can be understood as a minimum relative entropy density
with a uniform reference density. Hence, it is most conservative in the sense
that the estimated copula is as smooth as possible, as measured by the
entropy, given the moment conditions.3

To ease exposition, we focus on bivariate case in this study. General-
ization to higher dimensional cases is straightforward. As in the univariate
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case, we denote c(u, v; h) to be the copula density function. The objective is
to maximize W, the entropy of the copula density

W ¼ �

Z
½0;1�2

cðu; vÞ log cðu; vÞdudv (5)

subject to Z
½0;1�2

cðu; vÞdudv ¼ 1;Z
½0;1�2

fijðu; vÞcðu; vÞdudv ¼ mij

(6)

where i ¼ 0; . . . ; n; j ¼ 0; . . . ; m; i þ j40, and fijðu; vÞ are a sequence of
linearly independent polynomials.4 Given an i.i.d. sample fut; vtg

N
t¼1, the

empirical moments are calculated as m̂ij ¼ ð1=NÞ
PN

t¼1fijðut; vtÞ �!
p

mij , where
iþjW0. The resulting copula density takes the form

cðu; v; hÞ ¼ exp �y0 �
Xn
i¼0

Xn
j¼0

yijfijðu; vÞ

( )
; i þ j40

To ensure c(u, v; h) is a proper density function, we set

y0 ¼ log

Z
½0;1�2

exp �
Xn
i¼0

Xm
j¼0

yijfijðu; vÞdudvÞ

 !( )
; i þ j40

Therefore,

cðu; v; hÞ ¼
expf�

P
iþj40;i�n;j�myijfijðu; vÞgR

½0;1�2 expf�
P

iþj40;i�n;j�myijfijðu; vÞdudvg

where fyijgiþj40;i�n;j�m. As in the univariate case, we solve for h using
Newton’s method.

In practice, one needs to specify the order of polynomial n and m for the
ESE. The selection of the order, which is essentially the ‘‘bandwidth’’ of
the nonparametric ESE, is crucial to the performance of the proposed
estimator. In practice, the order can be chosen automatically based on
the data. Given the close relation between the ESE and the MLE, the
likelihood-based AIC and BIC are two natural candidates. Haughton (1988)
shows that for a finite number of exponential families, the BIC chooses the
correct family with probability tending to 1. On contrary, Shibata (1981)
indicates that the AIC leads to an optimal convergence rate for infinite
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dimensional models. Wu (2007) reports that these two criteria provide
similarly good performance in the selection of the degree of polynomials for
small and moderate sample sizes.

It is known that both the AIC and the BIC are derived under the implicit
assumption that the estimated parameters of the models in question are
asymptotically normal. This condition is typically satisfied by parametric
models with a fixed number of parameters under mild conditions. However,
this is not necessarily true for nonparametric estimations. Portnoy (1988)
examines the behavior of the MLE of the exponential family when the number
of parameters, K, tends to infinity. He shows that the condition to warrant the
asymptotic normality of estimated parameters is that K2/N-0 when N-N.
Under Assumption 3 of Wu (2007), K3/N-0 when N-N, which satisfies
Portnoy’s condition. This result confirms the validity of using the AIC and the
BIC for model selection for the proposed nonparametric estimator.

We conclude this section by noting several appealing features of the ESE
for copula estimation. First, the effective number of estimated parameters
is often substantially smaller compared to the kernel or the log-spline
estimators for a given sample size. Hence the ESE enjoys good small sample
performance, which is confirmed by our Monte Carlo simulations in the
next section. Second, it is known that the ESE may not be well defined when
the underlying variable is defined on an unbounded support. Since the
copula is defined on the hypercube [0, 1]d, the ESE copula estimator is
always well defined. In addition, this bounded support of the copula also
frees the ESE from potential outlier problem often associated with higher
order polynomials. Lastly, the most important advantage of the ESE is that
it does not suffer the boundary bias problem. This is particularly important
for copula estimation where the mass of the density is at tails. This
boundary bias problem is quite severe for the kernel estimator, and to a
lesser extent, for the log-spline estimator. As demonstrated in our
simulations below, the more substantial the tails are, the better the ESE
performs compared to other estimators.

4. MONTE CARLO SIMULATIONS

To investigate the finite sample performance of the proposed ESE copula
estimator, we conduct an extensive Monte Carlo simulation study on
estimating copula densities and joint densities of bivariate random variables.
We also compare the performance of the ESE with empirical estimator on
TDCs (lower or upper).
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We consider a variety of margins and copulas in our simulations. For
margin distributions, we consider the normal, the Student’s t-distribution
and two normal mixtures as studied in Marron and Wand (1992). The
normal density is often used as a benchmark, while the t distribution is
commonly used in financial econometrics since distributions of financial
returns are usually fat tailed. The two normal mixtures considered in this
study are ‘‘skewed unimodal’’ and ‘‘bimodal’’ distributions as characterized
by Marron and Wand (1992). For simplicity, we assume two margins follow
a same distribution.

The bivariate copulas used in this study include the Gaussian copula, the
t-copula, the Frank copula, and the Clayton copula. Each copula is able to
capture a certain dependence structure. In our experiment, the dependence
parameter for each type of copula is set such that their corresponding
Kendall’s t values 0.2, 0.4, and 0.6. A larger Kendall’s t indicates a higher
degree of association between two margins. Fig. 1 displays the contours of
various copulas considered in our simulations, with Kendall’s t ¼ 0.6. Note
that all these copulas exhibit nonvanishing densities in either or both tails,
which may cause severe boundary bias problems for a general nonpara-
metric estimator (Bouezmarni & Rombouts, 2007).

We conduct three sets of simulations in this study. We first examine
the performance of copula density estimation of various nonparametric
estimators. We then investigate two different approaches of joint density
estimation: direct estimation of the joint density and the two-step estimation
via the copula. Lastly, we compare the tail index coefficient estimates based
on the ESE copula to the empirical tail index coefficient. In all experiments,
the order of exponential polynomial of the ESE’s is chosen by the BIC.
The kernel estimator uses the product Gaussian kernel with individual
bandwidth of either dimension selected according to the least squares cross-
validation. The log-spline estimator uses the cubic spline with the smoothing
parameter chosen by the method of modified cross-validation and the
number of knots is determined using the rule max(30,10N(2/9)), where N is
the sample size (see Gu & Wang, 2003 for details). Each experiment is
repeated 500 times.

4.1. Estimation of Copula Densities

Our first example concerns the estimation of the copula. For simplicity, we
assume that the marginal distributions are known. We consider three sample
sizes: 50, 100, and 500. Table 1 reports the average mean integrated squared
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errors (MISE) and their standard deviations of the three estimators for our
experiments.

For all estimators, the performance improves with the sample size but
reduces with the value of Kendall’s t. Intuitively, the larger is Kendall’s t,
the higher is the dependency between the margins. Thus the copula is
increasingly concentrated near the two tails along the diagonal, and the
shape of the copula become more acute near the tails in Fig. 1. This makes
the boundary bias problem more severe. We also note that the MISE
decreases with sample size, but the decreasing rate is slower for a larger t.
For example, the MISE in the case of Gaussian copula decreases by 60%
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Fig. 1. Contour Plots of Parametric Copulas with Dependence Parameters

Corresponding to Kendall’s t being 0.6.
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from N ¼ 50 to 500 when t ¼ 0.2; while its MISE decreases by 32% when
t ¼ 0.6. Among the copulas considered in the simulations, Gaussian and
Frank copulas have smaller MISE values. For small t, the ESE shows
slightly better performance than the log-spline estimator does. As Kendall’s

Table 1. MISE of Copula Density Estimation.

Kendall’s t Copula n ESE Log-spline Kernel

0.2 Gaussian 50 0.164 (0.0071) 0.170 (0.0112) 0.233 (0.0135)

100 0.107 (0.0014) 0.120 (0.0041) 0.171 (0.0024)

500 0.065 (0.0001) 0.076 (0.0002) 0.099 (0.0002)

t 50 0.210 (0.0194) 0.244 (0.0420) 0.270 (0.0165)

100 0.139 (0.0014) 0.160 (0.0051) 0.201 (0.0032)

500 0.098 (0.0001) 0.104 (0.0005) 0.127 (0.0006)

Frank 50 0.172 (0.0117) 0.168 (0.0161) 0.221 (0.0114)

100 0.103 (0.0020) 0.105 (0.0019) 0.170 (0.0046)

500 0.058 (0.0001) 0.069 (0.0001) 0.104 (0.0001)

Clayton 50 0.217 (0.0061) 0.236 (0.0194) 0.274 (0.0115)

100 0.160 (0.0025) 0.188 (0.0189) 0.214 (0.0052)

500 0.113 (0.0001) 0.118 (0.0008) 0.146 (0.0095)

0.4 Gaussian 50 0.240 (0.0080) 0.350 (0.0397) 0.381 (0.0223)

100 0.180 (0.0024) 0.270 (0.0150) 0.293 (0.0070)

500 0.131 (0.0001) 0.174 (0.0027) 0.199 (0.0059)

t 50 0.345 (0.0139) 0.455 (0.0829) 0.480 (0.0415)

100 0.263 (0.0024) 0.349 (0.0200) 0.371 (0.0059)

500 0.217 (0.0005) 0.251 (0.0047) 0.288 (0.0007)

Frank 50 0.215 (0.0164) 0.292 (0.0267) 0.329 (0.0187)

100 0.142 (0.0031) 0.215 (0.0101) 0.235 (0.0048)

500 0.090 (0.0002) 0.125 (0.0009) 0.157 (0.0009)

Clayton 50 0.574 (0.0190) 0.664 (0.1138) 0.683 (0.0369)

100 0.498 (0.0039) 0.555 (0.0669) 0.577 (0.0509)

500 0.364 (0.0012) 0.410 (0.0130) 0.453 (0.0154)

0.6 Gaussian 50 0.484 (0.0155) 0.780 (0.0489) 0.805 (0.0545)

100 0.401 (0.0047) 0.654 (0.0087) 0.645 (0.0166)

500 0.328 (0.0014) 0.518 (0.0012) 0.532 (0.0005)

t 50 0.721 (0.0315) 1.014 (0.0897) 1.072 (0.0812)

100 0.629 (0.0087) 0.859 (0.0230) 0.865 (0.0209)

500 0.451 (0.0039) 0.692 (0.0087) 0.721 (0.0070)

Frank 50 0.302 (0.0202) 0.551 (0.0547) 0.585 (0.0648)

100 0.212 (0.0051) 0.400 (0.0084) 0.408 (0.0123)

500 0.142 (0.0003) 0.237 (0.0034) 0.281 (0.0004)

Clayton 50 1.632 (0.0331) 1.917 (0.0872) 2.004 (0.0955)

100 1.493 (0.0169) 1.695 (0.0543) 1.750 (0.0619)

500 1.105 (0.0043) 1.409 (0.0040) 1.619 (0.0075)

Note: Standard deviations are in parentheses.
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t increases, the ESE outperforms the log-spline estimator more significantly.
At the same time, the ESE and the log-spline estimator outperform the
kernel estimator in almost all the cases. The better performance of the ESE
can be explained by the fact that the kernel estimator allocates weight
outside the boundary and underestimates the underlying copula density at
the tails.5 We also note that the log-spline estimator and the kernel estimator
have substantially larger standard deviations in the MISE than does the
ESE. Overall, the ESE outperforms the other two estimators considerably in
our experiments.

4.2. Joint Density Estimation

We next compare the direct estimation of joint densities, without estimating
a copula function, to that via the two-step copula method. We note
that for two-step estimation, the convergence rate of the joint density is
determined by the slower of two rates: convergence rate of the margins
and that for the copula. When both are estimated nonparametrically with
optimal smoothing parameters, since the later is asymptotically slower
than the former (due to the curse of dimensionality), the convergence rate
of the joint density estimation is of the same order as that of the copula
density. This result implies that asymptotically, the performance of the
joint density estimation is not affected by optimal estimation of the marginal
densities. In our two-step estimation, we use the log-spline estimator for
the margins, due to its good small sample performance for estimation of
densities with unbounded supports. The results using the kernel estimator or
the ESE for the marginal distributions are quantitatively similar and hence
not reported.

Combining four margins and four copulas considered in study, we obtain
16 ( ¼ 4� 4) joint densities. In this experiment, we set the sample size to 50.
The estimators we consider in the direct estimation are the ESE, the log-
spline estimator and the kernel estimator. In the two-step estimation, we
first estimate the margins by the log-spline estimator and then the copula
density by the ESE. The MISE of estimated joint densities of various
estimators are displayed in Table 2. Similar to the first experiment, the
MISE increases with Kendall’s t. Comparing across different copulas, we
note that Clayton copula has recorded the largest MISE as t increases for
all the margins. As shown in Fig. 1, Clayton copula has a relatively sharp
tails near the boundary, which makes the estimation difficult. Another
observation is that the Gaussian and the t margins exhibit smaller MISE in
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Table 2. Ratio of MISE of the Direct Joint Density Estimation to the
Two-step Copula Estimation.

Kendall’s t Margin Estimation Method Copula

Gaussian t Frank Clayton

0.2 Gaussian Two-step Copula 0.464 0.518 0.544 0.635

ESE 83.8% 77.8% 66.0% 169.3%

Log-spline 119.8% 140.2% 110.8% 226.3%

Kernel 261.0% 219.3% 212.5% 326.0%

Skewed

unimodal

Two-step Copula 0.513 0.468 0.481 0.483

ESE 206.4% 218.2% 240.5% 258.2%

Log-spline 173.7% 214.3% 209.8% 307.7%

Kernel 310.5% 387.8% 356.1% 500.0%

Bimodal Two-step Copula 0.435 0.473 0.457 1.153

ESE 323.9% 300.4% 290.4% 226.4%

Log-spline 195.4% 195.6% 190.6% 104.4%

Kernel 249.0% 257.5% 240.5% 209.8%

t Two-step Copula 0.268 0.244 0.245 0.278

ESE 146.3% 175.8% 158.0% 139.6%

Log-spline 173.5% 245.5% 234.3% 204.0%

Kernel 384.3% 528.7% 449.0% 512.2%

0.4 Gaussian Two-step Copula 0.836 0.784 0.704 1.07

ESE 49.6% 59.6% 166.8% 143.5%

Log-spline 98.4% 101.8% 184.2% 162.5%

Kernel 178.5% 193.5% 216.2% 248.5%

Skewed

unimodal

Two-step Copula 1.028 1.09 1.071 1.213

ESE 163.1% 134.8% 147.3% 125.3%

Log-spline 105.6% 107.6% 124.6% 152.0%

Kernel 177.1% 179.5% 196.8% 236.2%

Bimodal Two-step Copula 1.081 1.066 1.034 1.533

ESE 152.5% 155.3% 163.1% 185.5%

Log-spline 105.5% 107.8% 105.3% 104.8%

Kernel 134.0% 134.3% 154.2% 188.7%

t Two-step Copula 0.626 0.712 0.571 0.872

ESE 155.3% 149.4% 215.2% 128.0%

Log-spline 112.3% 126.4% 151.7% 97.0%

Kernel 214.4% 198.0% 282.3% 209.6%

0.6 Gaussian Two-step Copula 1.201 1.302 1.08 2.662

ESE 46.9% 53.3% 188.8% 78.4%

Log-spline 112.5% 111.3% 218.4% 103.0%

Kernel 224.8% 193.5% 283.1% 126.7%

Skewed

unimodal

Two-step Copula 1.786 1.88 1.428 2.205

ESE 115.1% 121.7% 177.8% 101.4%

Log-spline 103.5% 111.0% 255.1% 111.7%

Kernel 157.8% 171.2% 293.1% 168.6%
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all the copulas and t values. This is expected since relatively simple shapes of
the margins tend to reduce the estimation errors.

In the case of direct estimation, the patterns of MISE are similar to two-
step copula estimation in terms of the margins and copulas under
consideration. Except for the bimodal margin, the kernel estimator is
dominated by the ESE and the log-spline estimator. Under the Gaussian
margin, the ESE outperforms the log-spline estimator. The MISE under the
ESE is 50% of that of the log-spline. In general, as the shapes of the margins
become more complicated, the log-spline estimator dominates the ESE.

Further examination on the extent of improvement in the MISE under the
two-step copula estimation shows that, except for the Gaussian margins, two-
step copula estimator generally outperforms the other three estimators in
almost all Kendall’s t and copulas under consideration.6 Since a regular and
consistent pattern cannot be observed for the difference of the MISE between
two-step copula and other three estimators, we average the MISE across the
margins and calculate percentage of the MISE of two-step copula to the
MISE of the other estimators. More than 50% of improvement is found
for small t using two-step copula estimation, although the improvement
decreases as the dependence between the variables increases. The improve-
ments are in the order of ClaytonWFrankWtWGaussian in terms of copulas.

4.3. Tail Dependence Coefficient Estimation

In the last experiment, we compare the ESE with empirical estimator for the
TDC. For the ESE estimator, the copula density function is estimated first

Table 2. (Continued )

Kendall’s t Margin Estimation Method Copula

Gaussian t Frank Clayton

Bimodal Two-step Copula 1.703 1.901 1.569 3.183

ESE 137.6% 135.9% 137.7% 112.0%

Log-spline 91.5% 104.2% 104.4% 104.3%

Kernel 120.0% 136.3% 142.0% 115.8%

t Two-step Copula 0.841 1.08 0.906 1.934

ESE 180.7% 152.3% 181.5% 122.1%

Log-spline 76.8% 81.7% 86.7% 95.3%

Kernel 179.3% 176.1% 195.1% 134.3%

Note: The percentages in this table represent the MISE ratio of joint density estimation to the

two-step copula estimation for each margin and copula specification.
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via the ESE, then the corresponding TDC is derived using the last part of
TDC definitions in Eqs. (2) and (3). For the empirical estimator, the TDC
is calculated using second equality given in Eqs. (2) and (3), where the
population distributions are replaced by empirical distributions. One
hundred observations are generated from the Frank copula with Kendall’s
t ¼ 0.2, 0.4, and 0.6. Each experiment is repeated 500 times. The mean-
squared error (MSE) and the variance of these two estimators are reported
in Table 3. The larger Kendall’s t is, the larger is the MSE. The MSE
decreases as the percentile increases for the upper tail and deceases for
the lower tail. For all the t and percentiles under consideration, the ESE
gives a remarkably smaller MSE compared with the empirical estimator.

Table 3. Mean Square Error of the Tail Dependence for the Frank
Copula (n ¼ 100).

t 0.6 0.4 0.2

Percentile MSE Variance MSE Variance MSE Variance

95 Empirical 5.4311 5.4293 3.3131 3.3131 2.4778 2.4714

ESE 1.0452 0.3560 0.3100 0.2413 0.1249 0.1208

97.5 Empirical 6.7480 6.7426 4.7859 4.7832 2.1218 2.1215

ESE 0.4522 0.1131 0.1032 0.0770 0.0386 0.0376

99 Empirical 4.9867 4.9839 3.0999 3.0999 1.5585 1.5581

ESE 0.1013 0.0204 0.0191 0.0132 0.0068 0.0066

99.5 Empirical 2.0725 2.0461 1.1080 1.0988 0.7665 0.7665

ESE 0.0287 0.0060 0.0047 0.0034 0.0019 0.0019

99.75 Empirical 1.1412 1.1381 1.0308 1.0308 0.0030 0.0000

ESE 0.0078 0.0013 0.0012 0.0008 0.0004 0.0004

99.9 Empirical 0.0062 0.0000 0.0018 0.0000 0.0005 0.0000

ESE 0.0013 0.0002 0.0002 0.0001 0.0000 0.0000

5 Empirical 5.3932 5.3917 3.3348 3.3342 2.3995 2.3990

ESE 1.0197 0.3622 0.2832 0.2375 0.1342 0.1341

2.5 Empirical 6.4563 6.4560 3.9032 3.8992 2.2174 2.2144

ESE 0.4269 0.1124 0.0955 0.0762 0.0410 0.0410

1 Empirical 5.0478 5.0477 2.2984 2.2903 1.4224 1.4201

ESE 0.0938 0.0221 0.0189 0.0149 0.0078 0.0077

0.5 Empirical 3.6785 3.6757 1.5357 1.5342 0.0119 0.0000

ESE 0.0270 0.0058 0.0054 0.0044 0.0019 0.0019

0.025 Empirical 3.6762 3.6332 0.0109 0.0000 0.0030 0.0000

ESE 0.0075 0.0017 0.0012 0.0008 0.0004 0.0004

0.01 Empirical 0.4810 0.4806 0.0018 0.0000 0.0005 0.0000

ESE 0.0012 0.0002 0.0002 0.0002 0.0001 0.0001

Note: MSE and variance are multiplied by 100.
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The ratios between them increase as t decreases, except for very large or very
small percentiles. The variances of the MSE decrease as t decreases. The
ESE shows a decreasing pattern for variance as the percentile increases
for the upper tail and decreases for the lower tail. Finally, the ESE shows
smaller variances compared with empirical estimator in general. Overall the
ESE for TDC outperforms the empirical estimator in terms of the MSE and
its variance.

5. EMPIRICAL APPLICATION

An important question in risk management is whether the financial markets
become more interdependent during financial crises. The fact that inter-
national equity markets move together more in downturns than in the
upturns has been documented in the literatures, for example, see Longin and
Solnik (2001) and Forbes and Rigobon (2002). Hence, the concept of tail
dependence plays an increasingly important role in measuring the financial
contagion. If all stock prices tend to fall together as a crisis occurs, the value
of diversification might be overstated by ignoring the increase in downside
dependence (Ang & Chen, 2002). During the 1990s, several international
financial crises occurred. Asian financial crisis is one of the crises that have
been studied extensively in the literature. It started in Thailand with the
financial collapse of Thai Baht on July 2, 1997. News of the devaluation
dropped the value of the baht by as much as 20% – a record low. As the
crisis spread, most of Southeast Asia saw slumping currencies, devalued
stock markets and asset prices.

Early studies on the dependence structure between financial assets are
mostly based on their correlations, which ignore potential nonlinear
dependence structures. Some recent studies use parametric copulas to
capture the nonlinear dependence. They derive the corresponding values of
tail dependence based on the estimated copulas. The parametric approach
may lack flexibility and the estimated dependence will be biased if the copula
is misspecified. In this section, we model the dependence structure of the
Asian stock markets returns using the ESE copula. No assumptions on the
dependence structure in the data are imposed. We emphasize that the results
in the section are presented as an illustration of the ESE copula estimation,
rather than a detailed study of financial contagion in Asian financial crisis.
Following Kim (2005) and Rodriguez (2007), we analyze the dependent
structure for the Asian stock index returns by pairing all other countries
with Thailand, the originator of the Asian financial crisis.

CHINMAN CHUI AND XIMING WU282



The data used in this study are daily returns consisting of the daily stock-
market indices of six East Asian countries from the DATASTREAM. When
these Asian countries experienced the Asian financial crisis in 1997, these data
present an interesting case for the study of tail dependence as all these
countries in the sample experienced a crisis of some severity during this
period. Specifically, the data include Hong Kong Hang Seng (HK), Singapore
Strait Times (SG), Malaysia Kuala Lumpur Composite (ML), Philippines
Stock Exchange Composite (PH), Taiwan Stock Exchange Weighted (TW),
and Thailand Bangkok S.E.T. (TH). The dataset covers the sample period
from January 1994 to December 1998. We have altogether 1,305 daily
observations. We take the log-difference of each stock index to calculate the
stock index returns. Following the standard practice, we fit each return series
by a GARCH(1,1) model using the maximum-likelihood estimation. Based
on the fitted model, we calculate the implied standardized residuals from the
GRACH model. The standardized residuals obtained in the first step estima-
tion will be as the input for the copula density estimation in the second step.7

Table 4 gives summary statistics of the data. Standard deviations reveal
that the Malaysia market is the most volatile, followed by Thailand. All the
series exhibit excessive skewness and kurtosis relative to those of the
Gaussian distribution. The Jarque–Bera test demonstrates the nonnormality
of each series, which implies the violation of multivariate Gaussian distribu-
tion assumption. In fact, it is well known, according to Mandelbort (1963),
that most financial time series are fat tailed. Existing studies often replace
the assumption of normality with the fat-tailed t distribution. Notice that
Malaysia has the highest risk in terms of volatility, skewness, kurtosis, and
nonnormality; while Taiwan ranks last in terms of volatility, kurtosis, and
nonnormality.

Table 4. Descriptive Statistics for the Stock Indices Returns.

Hong Kong Singapore Malaysia Philippines Taiwan Thailand

Mean �0.0131 �0.0329 �0.1127 �0.0574 �0.0103 �0.1118

Median 0.0046 �0.0139 �0.0280 0.0000 0.0000 �0.0533

Maximum 17.2702 15.3587 23.2840 13.3087 6.3538 16.3520

Minimum �14.7132 �10.6621 �37.0310 �11.0001 �11.3456 �15.8925

SD 1.9668 1.6484 2.7410 1.9546 1.5864 2.5656

Skewness 0.2615 0.6875 �1.2933 �0.0172 �0.4601 0.5974

Kurtosis 13.8503 16.1685 42.0452 8.1313 7.2913 9.4746

Jarque–Bera 6411.5 9524.6 83196.3 1430.7 1046.6 2355.2

P-value o1.00e-04 o1.00e-04 o1.00e-04 o1.00e-04 o1.00e-04 o1.00e-04
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To investigate the dependence between different markets, we calculate the
linear correlation and Kendall’s t between Thailand and other countries.
The estimated correlation and Kendall’s t are reported in Table 5. The
patterns revealed by these two dependence measures are qualitatively
similar. The linear correlations range from 0.19 (Taiwan and Thailand) to
0.65 (Singapore and Hong Kong) among the pairs we consider. Singapore
has the highest average dependence with other countries, while Taiwan has
the lowest average dependence. Although Thailand is suggested to play a
trigger role in the Asian financial crisis, it only shows moderate dependence
with other countries. The Kendall’s t ranges from 0.07 (Taiwan and
Thailand) to 0.50 (Philippines and Singapore).

Table 6 reports empirical estimates of lower and upper TDCs in the
bivariate equity index returns. The first cell in the table is 0.308, which
indicates that the probability of returns of Hong Kong being lower than the
5th percentile given that the returns of Thailand is lower than the 5th
percentile equals 0.308. While Singapore has the strongest lower depen-
dence, Hong Kong has the strongest upper dependence with Thailand.
Philippines and Malaysia show moderate tail dependence with Thailand,
and Taiwan has the weakest tail dependence with Thailand. In general, the
lower tail dependences are larger than the upper tail dependences. This fact
is consistent with the literature that financial markets exhibit asymmetric tail
dependence: they tend move together more in downturns than in upturns.

The next step is to estimate the copula density. Frahm, Junker, and
Schmidt (2005) show that using misspecified parametric margins instead of
nonparametric margin may lead to misleading interpretations of dependence
structure. Instead of assuming parametric margins, we estimate the margins

Table 5. Correlation Matrix of the Stock Indices Returns.

Hong Kong Singapore Malaysia Philippines Taiwan Thailand

Hong Kong 0.6526 0.3797 0.3816 0.2488 0.3867

Singapore 0.3597 0.4104 0.2581 0.2797 0.5126

Malaysia 0.2816 0.4783 0.3020 0.1993 0.3862

Philippines 0.1954 0.5080 0.2069 0.1999 0.4133

Taiwan 0.1214 0.1312 0.0992 0.0979 0.1886

Thailand 0.2205 0.2900 0.2726 0.2069 0.0669

Average dependence

Linear 0.4099 0.4863 0.3491 0.3609 0.2233 0.3775

Kendall 0.2357 0.2899 0.2541 0.1930 0.1033 0.2114

Note: Upper triangle is the linear correlation and the lower triangle is the Kendall’s t.
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by the log-spline estimator in the first step and the copula density by the
ESE method in the second step. Different dependence structures can be
visualized by plotting their estimated copula densities along the diagonal
u ¼ v. Fig. 2 shows the results. Notice that the scales in the graphs are
different. Hong Kong, Singapore, and Malaysia show clearly asymmetric
shapes with lower tail higher than upper tail; while Philippines and Taiwan
have relatively symmetric shapes. In the case of Hong Kong, most of the
mass is concentrated in the two tails, as suggested by the height of the
estimated density with a small peak in the center of the density. Singapore
and Malaysia also exhibit similar patterns with less mass concentrated on
the two tails. On contrary, Philippines and Taiwan show a symmetric tail
patterns and their densities are relatively flat compared to the previous
three markets.

The lower and upper TDCs are then calculated from estimated ESE
copula densities. The results are reported in Table 6. We note that for the
ESE, the lower TDC increases and the upper TDC decreases monotonically
in all the markets, while nonmonotonic patterns are observed in empirical
TDC estimates. Asymmetric tail dependences are observed in Hong Kong,
Singapore, and Malaysia, but not in Philippines and Taiwan. Compared
with empirical tail dependence estimates, the ESE TDC tends to be smaller.

Table 6. Estimated Tail Dependence for Bivariate Standardized
Returns.

Percentile Hong Kong Singapore Malaysia Philippines Taiwan

Lower Upper Lower Upper Lower Upper Lower Upper Lower Upper

Empirical

5 0.308 0.242 0.354 0.167 0.262 0.242 0.231 0.182 0.169 0.106

4 0.288 0.283 0.346 0.132 0.269 0.151 0.250 0.170 0.154 0.113

3 0.282 0.225 0.359 0.125 0.179 0.100 0.179 0.150 0.128 0.150

2 0.346 0.185 0.346 0.148 0.077 0.000 0.192 0.074 0.115 0.111

1 0.231 0.143 0.231 0.214 0.000 0.000 0.000 0.000 0.000 0.143

ESE

5 0.314 0.257 0.296 0.209 0.205 0.198 0.181 0.187 0.143 0.145

4 0.259 0.211 0.237 0.167 0.162 0.156 0.159 0.162 0.121 0.119

3 0.198 0.167 0.168 0.123 0.134 0.129 0.126 0.121 0.097 0.092

2 0.135 0.121 0.119 0.087 0.089 0.081 0.087 0.089 0.078 0.076

1 0.075 0.061 0.062 0.048 0.065 0.057 0.056 0.058 0.046 0.048

Note: Lower and upper represent the estimated lower and upper tail dependence coefficient,

respectively.

Exponential Series Estimation of Empirical Copulas 285



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

u = v

C
op

ul
a 

de
ns

ity

Hong Kong and Thailand

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9
Philippines and Thailand

u = v
C

op
ul

a 
de

ns
ity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.5

2

2.5

u = v

C
op

ul
a 

de
ns

ity

Singapore and Thailand

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.95

1

1.05

1.1

1.15

1.2

1.25

u = v

Taiwan and Thailand

C
op

ul
a 

de
ns

ity

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.2

1.4

1.6

1.8

2

2.2

2.4
Malaysia and Thailand

u = v

C
op

ul
a 

de
ns

ity

Fig. 2. Plots of Diagonals of Estimated Copula Densities between various Asian

Countries and Thailand.

CHINMAN CHUI AND XIMING WU286



Again according to the ESE estimates, Hong Kong exhibits the strongest
lower and upper tail dependence with Thailand and the lower tails
dependence is stronger than the upper tail dependence.

Lastly, for the sake of comparison, we report the TDC estimates based
on the Gaussian copula. The results are reported in the bottom panel of
Table 6. As expected, the estimates are not able to capture the asymmetric
dependence between the markets. In addition, the estimates are considerably
smaller than the ESE-based and the empirical estimates. The comparison
demonstrates that the risk associated with a misspecified parametric copula
estimate can be quite substantial.

6. CONCLUSION

This paper proposes a nonparametric estimator for copula densities based
on the ESE. The ESE has an appealing information-theoretic interpretation
and attains the optimal rate of convergence for nonparametric densities in
Stone (1982). More importantly, it overcomes the boundary bias in copula
density estimation. We examine finite sample performance of the estimator
in several simulations. The results show that the ESE outperforms the
popular kernel and log-spline estimators in copula estimation. Estimating
a joint density by first estimating the margins and the copula separately in a
two-step approach often outperforms direct estimation of the joint density.
In addition, the proposed estimator provides superior estimates to the
tail dependence index compared to the empirical tail dependence index.
We apply the ESE copula to estimate the joint distributions of stock returns
of several Asian countries during the Asian financial crisis and examine their
interdependence based on the estimated joint densities and copulas.

NOTES

1. Many methods have been proposed to resolve this boundary bias problem
of the kernel estimator. These methods either adopt different functional forms of
kernel beyond the Gaussian kernel (e.g., see Lejeune & Sarda, 1992; Jones, 1993;
Jones & Foster, 1996) or transform data before applying the Gaussian kernel
(Marron & Ruppert, 1994). Recent studies included Chen (1999), Bouezmarni and
Rombouts (2007). These studies propose to use the gamma kernel or the local linear
kernel estimators.
2. A closely related literature is the bivariate log-spline estimator studied by Stone

(1994), Koo (1996), and Kooperberg (1998).
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3. Alternatively, Miller and Liu (2002) use the mutual information that is defined as,

Ið f : gÞ ¼

Z
log

f ðx1; x2Þ

g1ðx1Þg2ðx2Þ

� �
dFðx1;x2Þ

to measure the degree of association among the variables. Note that I( f: g) is not
invariant under increasing transformation of the margins.
4. In this paper, we choose fijðu; vÞ ¼ uiv j .
5. As is pointed out by a referee, a more appropriate comparison with the kernel

estimation shall be based on kernels that correct for the boundary bias. We leave this
interesting comparison for future study.
6. The good performance of the ESE under Gaussian margins is expected because

the ESE with two moment conditions is the Gaussian distribution.
7. This two-step procedure has been proposed by McNeil and Frey (2000). Jalal

and Rockinger (2008) investigated the consequences of using GARCH filter on
various misspecified processes. Their results show that two-step approach appears to
provide very good tail-related risk measures.
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