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Abstract

The maximum entropy approach is a ,exible and powerful tool for density approximation. This
paper proposes a sequential updating method to calculate the maximum entropy density subject
to known moment constraints. Instead of imposing the moment constraints simultaneously, the
sequential updating method incorporates the moment constraints into the calculation from lower to
higher moments and updates the density estimates sequentially. The proposed method is employed
to approximate the size distribution of U.S. family income. Empirical evidence demonstrates the
e5ciency of this method.
c© 2003 Elsevier Science B.V. All rights reserved.
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0. Introduction

A maximum entropy (maxent) density can be obtained by maximizing Shannon’s
information entropy measure subject to known moment constraints. According to Jaynes
(1957), the maximum entropy distribution is “uniquely determined as the one which
is maximally noncommittal with regard to missing information, and that it agrees with
what is known, but expresses maximum uncertainty with respect to all other matters.”
The maxent approach is a ,exible and powerful tool for density approximation,

which nests a whole family of generalized exponential distributions, including the
exponential, Pareto, normal, lognormal, gamma, beta distribution as special cases.
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The maxent density has found some applications in econometrics. For example, see
Zellner (1997) and Zellner and Tobias (2001) for the Bayesian method of moments,
which uses the maxent technique to estimate the posterior density of parameters of
interest; and Buchen and Kelly (1996), Stutzer (1996) and Hawkins (1997) for some
applications in Inance.
Despite its versatility and ,exibility, the maxent density has not been widely used in

empirical studies. One possible reason is that there is generally no analytical solution
for the maxent density problem and the numerical estimation is rather involved. In this
study, I propose a sequential updating method for the calculation of maxent densities.
Compared to the existing studies that consider the estimation of the maxent density
subject to just a few moment constraints, the proposed method is able to calculate the
maxent density associated with a much higher number of moment constraints. This
method is used to approximate the size distribution of U.S. family income distribution.

1. The maxent density

The maxent density is typically obtained by maximizing Shannon’s entropy (deIned
relative to uniform measure),

W =
∫

−p(x) logp(x) dx;

subject to some known moment constraints or equations of moments. 1 Following
Zellner and HighIeld (1988), Ormoneit and White (1999), and Rockinger and
Jondeau (2002), we consider only the arithmetic moments of the form∫

xip(x) dx = �i; i = 0; 1; : : : ; k: (1)

Extension to more general moments (e.g., the geometric moments, E(lni x) for x¿ 0)
is straightforward (SooI et al., 1995; Zellner and Tobias, 2001).
We use Lagrange’s method to solve for the maxent density. The solution takes the

form

p(x) = exp

(
−

k∑
i=0

�ixi
)
; (2)

where �i is the Lagrangian multiplier for the ith moment constraint. Since an analytical
solution does not exist for k¿ 2, one must use a nonlinear optimization technique to
solve for the maxent density. One way to solve the maxent problem is to transform
the constrained optimization problem into an unconstrained optimization problem using
the dual approach (Golan et al., 1996). Substituting Eq. (2) into the Lagrangian func-
tion and rearranging terms, we have the dual objective function for an unconstrained

1 Mead and Papanicolaou (1984) give the necessary and su5cient condition for the moments that lead to
a unique maxent density. We Ind that the sample moments of any Inite sample satisfy this condition. The
proof is available from the author upon request.
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optimization problem

� = ln Z +
k∑
i=1

�i�i;

where Z = e�0 =
∫
exp(−∑k

i=1 �ix
i) dx.

Newton’s method is used to solve for the Lagrange multiplier � = [�1; : : : ; �k ]′ by
iteratively updating

�(1) = �(0) − H−1 @�
@�
; (3)

where the gradient

@�
@�i

= �i −
∫
xi exp(−∑k

i=1 �ix
i) dx∫

exp(−∑k
i=1 �ix

i) dx
= �i − �i(�); i = 1; 2; : : : k

and the Hessian

Hij =
@2�
@�i@�j

= �i+j(�)− �i(�)�j(�); (4)

�i+j(�) =

∫
xi+j exp(−∑k

i=1 �ix
i) dx∫

exp(−∑k
i=1 �ix

i) dx
; i; j = 1; 2; : : : k:

Since the Hessian matrix H is everywhere convex and therefore positive deInite, there
exists a unique solution. Mead and Papanicolaou (1984) show that the maxent estimates
are consistent and e5cient.

2. Sequential updating of the maxent density

In Bayesian analysis or information processing, it is known that the order in which
information is incorporated into the learning process is irrelevant. 2 Hence instead of
imposing all the moment constraints simultaneously, we can impose the moment con-
straints from lower to higher order and update the density estimates sequentially.
As shown in the previous subsection, solving for the maxent density subject to

moment constraints � is equivalent to solving for the following system of equations:∫
xiexp

(
−

k∑
i=0

�ixi
)

dx = �i; i = 0; 1; : : : ; k: (5)

Since a unique solution exists, we can express � as a function of �. Denote � =
f(�), we know f(·) is a diRerentiable function since Eq. (5) is everywhere con-
tinuous and diRerentiable in �. By the Inverse Function Theorem, the inverse func-
tion of � = f−1(�) = g(�) is also diRerentiable. Taking Taylor’s expansion on �,

2 See Zellner (1998) on the order invariance of maximum entropy procedures.
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we obtain

� = g(�0 + S�) = g(�0) + g
′(�0)S�:

This suggests that we can obtain the Irst-order approximation of � corresponding to
� = �0 + S�, given �0 = g(�0) and S�.
For su5ciently small S�, one way to proceed is to use �0 as initial values when

we solve for � = g(�) using Newton’s method. If S� is not small enough, we may
not be able to obtain convergence for �= g(�) using �0 as initial values. In this case,
we can divide S� into M small segments such that S� =

∑M
i=1 S�i and solve for

�m = g(�0 +
∑m

i=1 S�i) using �m−1 as initial values for m = 1; : : : ; M . However, this
approach is rather ine5cient because it involves a multi-dimension grid search for the
k elements of �. Instead, we can reduce the search to one dimension if we choose to
impose the moment constraints sequentially.
Suppose for a given Inite sample, we can solve for �k =g(�k), where �k is the Irst

k sample moments, using arbitrary initial values (usually a vector of zeros to avoid
arithmetic over,ow). Since higher moments are generally not independent of lower
moments, the estimates from lower moments can serve as a proxy for the maxent
density that is also subject to additional higher moments. Thus, if we fail to solve
for �k+1 = g(�k+1) using arbitrary initial values, we can use �′k+1 = [�k ; 0] as initial
values. Note that the choice of zero as the initial value for �k+1 is not simply for
convenience, but is also consistent with the principle of maximum entropy. With only
the Irst k moments incorporated into the estimates, �k+1 for p(x) = exp(−∑k+1

i=0 �ix
i)

should be set to zero since no information is incorporated for the estimation of �k+1.
In other words, if we do not use �k+1 as side condition, the term xk+1 should not
appear in the maxent density function. In this sense, zero is the ‘most honest’, or the
‘most uninformative’ guess for �k+1.
Corresponding to the ‘most uninformative’ guess �k+1 = 0 is the predicted (k +1)th

moment �k+1=
∫
xk+1exp(−∑k

i=0 �kx
k) dx, which is the unique maxent predicted value

for �k+1 based on the Irst k moments. 3 If �k+1 is close to �k+1; the diRerence S�k+1
between the vector of actual moments �k+1 and [�k ; vk+1] is small. Hence, if we use
�′k+1 = [�k ; 0] as initial values to solve for �k+1 = g(�k+1), the convergence can often
be obtained in a few iterations. If we fail to reach the solution using �′k+1 as initial
values, we can divide the diRerence between �k+1 and �k+1 into a few small segments
and approach the solution using the above approach in multiple steps.
We note that the estimation of the maxent density becomes very sensitive to the

choice of initial values as the number of moment constraints rises, partially because
the Hessian matrix approaches singularity as its dimension increases. Fortunately, the
diRerence between the predicted moment �k+1 based on the Irst k moments and the
actual moment �k+1 approaches zero as k increases. The higher k is, the closer is p(x)
to the underlying distribution, and subsequently the smaller the diRerence between �k+1

3 Maximizing the entropy subject to the Irst k moments is equivalent to maximizing the entropy subject
to the same k moments and the predicted (k + 1)th moment �k+1: Since �k+1 is a function of the Irst k
moments, it is not binding when used together with the Irst k moments as side conditions. Therefore, the
Lagrange multiplier �k+1 for �k+1 is zero.
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and the predicted moment �k+1. Hence, the sequential method is especially useful when
the number of moment constraints is large. On the other hand, sometimes we do not
need to incorporate all the moment conditions. For example, the maxent density subject
to the Irst moment is the exponential distribution of the form p(x) = exp(−�0 − �1x)
and the maxent density subject to the Irst two moments is the normal distribution of
the form p(x) = exp(−�0 − �1x− �2x2). So the Irst moment is the su5cient statistics
for an exponential distribution and the Irst two moments are the su5cient statistics
for a normal distribution. In this case, the diRerence between the predicted moment
�k+1 and the actual moment �k+1 can serve as a useful indicator to decide whether to
impose more moment conditions.

3. Approximation of U.S. income distribution

In this section, we apply the sequential method to the approximation of the size
distribution of U.S. family income. We run an experiment using U.S. family income
data from the 1999 Current Population Survey (CPS) March Supplement. The data
consist of 5,000 observations of family income drawn randomly from the 1999 March
CPS. We It the maxent density p(x)=exp(−∑k

i=0 �ix
i) for k from 4 to 12 incremented

by 2. 4 Newton’s method with a vector of zeros as initial values fails to converge
when the number of moment constraints k is larger than six, and we proceed with the
sequential algorithm instead.
For the exponential family, the method of moments estimates are equivalent to maxi-

mum likelihood estimates. 5 Hence, we can use the log-likelihood ratio to test the func-
tion speciIcation. Given p(xj)=exp(−∑k

i=0 �ix
i
j) for j=1; 2; : : : ; N; the log-likelihood

can be conveniently calculated as L=
∑N

j=1 lnp(xj)=−N∑k
i=0 �i�i; where �i is the ith

sample moment. Since the maximized entropy subject to known moment constraints is
W =−∑N

j=1 p(xj) lnp(xj) =−∑k
i=0 �i�i, the log-likelihood is equivalent to the max-

imized entropy multiplied by the number of observations. The Irst column of Table 1
lists the log-likelihood for the estimated maxent density and the second column reports
the log-likelihood ratio of pk+2(x)=exp(−∑k+2

i=0 �ix
i) versus pk(x)=exp(−∑k

i=0 �ix
i).

This log-likelihood ratio is asymptotically distributed as �2 with two degrees of free-
dom (critical value=5:99 at 5% signiIcance level). The log-likelihood ratio test favors
the more general model pk+2(x) for our range of k.
SooI et al. (1995) argue that the information discrepancy between two distribu-

tions can be measured in terms of their entropy diRerence. They deIne an index for
comparing two distributions:

ID(p;p∗) = 1− exp(−K(p : p∗));

4 Typically the income distribution is skewed with an extended right tail, which warrants including at least
the Irst four moments in the estimation. Moreover, we should have even number of moment conditions to
ensure that the density function integrates to unity.

5 The maximum entropy method is equivalent to the ML approach where the likelihood is deIned over
the exponential distribution with k parameters. Golan et al. (1996) use a duality theorem to show this
relationship.
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Table 1
SpeciIcation and goodness-of-It tests for estimated densities

L LR ID KS AIC BIC
(1) (2) (3) (4) (5) (6)

k = 4 2108 — — 0.0300 0.8449 0.8569
k = 6 2066 42.1 0.0084 0.0214 0.8288 0.8469
k = 8 2048 18.6 0.0037 0.0174 0.8222 0.8463
k = 10 2033 14.6 0.0029 0.0124 0.8172 0.8472
k = 12 2020 13.3 0.0027 0.0065 0.8126 0.8487

Log-normal 2366 — — 0.0507 0.9472 0.9532
Gamma 2115 — — 0.0294 0.8466 0.8527

(1) Log-likelihood.
(2) Log-likelihood ratio test: pk+2(x) versus pk (x).
(3) SooI (1995)’s ID index: pk+2(x) versus pk (x).
(4) Kolmogorov–Smirnov test.
(5) Akaike information criterion.
(6) Bayesian information criterion.

where K(p : p∗) =
∫
p(x) (p(x)=p∗(x)) dx is the relative entropy or Kullback–Leibler

distance, which is an information-theoretic measure of discrepancy between two dis-
tributions. The third column of Table 1 reports the ID indices between pk+2(x) =
exp(−∑k+2

i=0 �ix
i) and pk(x) = exp(−∑k

i=0 �ix
i). We can see that the discrepancy de-

creases as more moment conditions enter the estimation. This suggests that as the
number of moment conditions gets large, the information content of additional moment
decreases.
We test the goodness-of-It of the maxent density estimates using a two-sided

Kolmogorov–Smirnov (KS) test. The fourth column of Table 1 reports the KS statistic
of the estimated maxent density. The critical value of KS test at 5% signiIcance level
is 0.0192 for our sample. Thus, the KS test fails to reject the null hypothesis that our
income sample is distributed according to pk(x) = exp(−∑k

i=0 �ix
i), for k = 8; 10; 12.

To avoid overItting, we calculate the Akaike Information Criterion (AIC) and
Bayesian Information Criterion (BIC) to check the balance between the accuracy of
the estimation and the rule of parsimony. The results are reported in the Ifth and sixth
column of Table 1. The AIC test favors the model with 12 moment constraints. The
BIC test, which has a greater complexity penalty, favors the model with the Irst eight
moment constraints.
Lastly, we compare the maxent densities with two conventional income distributions.

We It a log-normal distribution and a gamma distribution to the income sample. 6 The
relevant tests are reported in the last two columns of Table 1. Both of them fail the
KS test and are outperformed by our preferred maxent densities in all the tests.

6 The log-normal distribution and gamma distribution are in fact maxent densities subject to certain geo-
metric moment constraints.
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1999 Family Income
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Fig. 1. Histogram and estimated maxent density for 1999 income, x-axis in $100,000.

Fig. 1 reports the histogram of the income sample and the estimated maxent den-
sity with k = 12. The Itted density closely resembles the shape of the histogram of
the sample. Although the domain over which the density is evaluated is considerably
wider than the sample range in either end, the estimated density demonstrates good tail
performance at both tails.

4. Summary

The maximum entropy approach is a ,exible and powerful tool for density approx-
imation. This paper proposes a sequential updating method for the maximum entropy
density calculation. Instead of imposing the moment constraints simultaneously, this
method incorporates the information contained in the moments into the estimation pro-
cess from lower to higher moments sequentially. Consistent with the maximum entropy
principle, we use the estimated coe5cients based on lower moments as initial values
to update the density estimates when additional higher-order moment constraints are
imposed. The empirical applications on income distribution show the eRectiveness of
the proposed sequential updating method.
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