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a b s t r a c t

In this paper we propose a data driven smooth test of symmetry. We first transform the raw data via
the probability integral transformation according to a symmetrized empirical distribution, and show that
under the null hypothesis of symmetry, the transformed data has a limiting uniformdistribution, reducing
testing for symmetry to testing for uniformity. Employing Neyman’s smooth test of uniformity, we show
that only odd-ordered orthogonal moments of the transformed data are required in constructing the
test statistic. We present a standardized smooth test that is distribution-free asymptotically and derive
the asymptotic behavior of the test and establish its consistency. Extension to dependent data case is
discussed. We investigate the finite sample performance of the proposed tests on both homogeneous and
mixed distributions (with unobserved heterogeneity). An empirical application on testing symmetry of
wage adjustment process, based on heterogeneous wage contracts with different durations, is provided.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

Many economic variables are known to behave differently
under contrasting situations. For instance, Bacon (1991) made the
famous observation that the retail price of gasoline, relative to
its wholesale price, rises like a rocket but falls like a feather.
Whether a quantity of interest exhibits asymmetric behavior plays
an important role in the investigation ofmany economic questions.
For example, in macroeconomics, researchers want to know if
an economic variable behaves similarly during expansions and
recessions; in finance, investors are interested in knowingwhether
return distributions are skewed. Answers to these important
questions provide valuable input in people’s decision making.

The knowledge of symmetry may have important consequence
in statistical and econometric analyses. For example under sym-
metry, convergence rate of bootstrap confidence interval coverage
probability is of order n−1 rather than the typical n−1/2 (Hall, 1995).
The intercept of a linear regression is identified in adaptive esti-
mations when the error distribution is symmetric (Bickel, 1982).
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The efficiency of estimators can sometimes be improved by incor-
porating symmetry (see, e.g., Horowitz and Markatou (1996) for
panel model estimation via deconvolution, and Chen (2000) for
binary choice models). Therefore, it is important to test whether
the data one analyze is symmetrically distributed or not. Testing
for symmetry has a long history in statistics and econometrics.
One can characterize symmetry tests into two broad categories.
One approach is based on some characteristics of symmetric dis-
tributions. For instance, there are tests based on moments (see,
e.g., Bai and Ng (2005) and Premaratne and Bera (2005)), tests
based on ranks (e.g., Hájek and Sidak (1967) and Shorack andWell-
ner (1986)), and tests based on the empirical characteristic func-
tions (e.g., Csörgő and Heathcote (1987)). The second approach
employs a symmetrization of the sample distribution and con-
structs a proper distance between the sample distribution/density
and its symmetrization as the test statistic. For a random sam-
ple {Yi}

n
i=1 from a continuous distribution, denote the empirical

distribution by F̂ and its symmetrization about a center tendency
parameter θ by sF̂θ , which is defined below. Butler (1969)
and Schuster and Barker (1987) designed a Kolmogorov–Smirnov
type test based on supy |F̂(y) − sF̂θ (y)|. Rothman and Woodroofe
(1972) proposed a test based on the integrated squared difference
in distributions


(F̂(y) − sF̂θ (y))2dy. There also exist tests based
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on distance in densities. Let f̂ and sf̂θ be densities, if they exist, as-
sociated with Fn and sF̂θ respectively. Ahmad and Li (1997) sug-
gested a test based on the integrated squared difference

 
f̂ (y)

−sf̂θ (y)
2

dy, and Maasoumi and Racine (2009) presented a test

based on the Hellinger distance
 

f̂ (y) −


sf̂θ (y)

2

dy.

In this paper we follow the second approach and propose an
alternative test that explores the discrepancy between the sample
distribution and its symmetrization. Our approach is based on the
probability integral transformation Xi(θ) = sF̂θ (Yi), i = 1, . . . , n.
Under the null hypothesis of symmetry, F̂ should be close to sF̂θ

and {Xi(θ)}ni=1 is distributed according to the standard uniform
distribution asymptotically. Thus testing for symmetry is reduced
to testing for uniformity. There exists a myriad of uniformity
tests in the literature. Among them, Neyman’s smooth test is
particularly popular; thanks to its appealing theoretical optimality,
ease of construction and good small sample performance. Its
finite sample performance, however, can be sensitive to the
number of terms contained in the test statistic. We therefore
adopt a data driven version of Neyman’s test proposed by Ledwina
(1994). This test chooses the number of terms according to an
information criterion and is shown to be consistent and adapts to
the underlying distribution.

We show that when orthogonal moments of the transformed
data are used, only odd-orderedmoments are required. This results
hold true for arbitrary (symmetric or asymmetric) distributions
and arbitrary location parameters. Because of the presence of sF̂θ̂ ,
an effectively infinite-dimensional nuisance parameter, the test
is composite and thus not free from nuisance parameters. We
derive the asymptotic distribution of the test statistic and propose
a standardized version that is distribution free asymptotically and
easy to calculate. We also extend the proposed test to dependent
data case.

We demonstrate that our proposed test offers several advan-
tages. First, it is invariant to monotone transformation of data
— thanks to the probability integral transformation of raw data.
Second, it has power against essentially any asymmetric alter-
natives that satisfy some mild conditions and at the same time
adapts to the unknown distribution. Third, the proposed test is
more robust than tests based onmoments of rawdata because high
order moments of raw data can be sensitive to outliers. Fourth,
compared with tests based on nonparametrically estimated distri-
butions/densities on raw data, the proposed test, which reduces to
a test of uniformity of the transformed data, is based on an ‘‘easier’’
approximation problem because the asymptotic bias of approx-
imating nonparametrically a uniform distribution is zero. Lastly,
our test only requires straightforward calculations of a number of
sample moments and is therefore computationally easy and per-
forms well for small sample sizes.

The remaining part of the paper is organized as follows. Sec-
tion 2 briefly reviews the data driven Neyman’s test. Section 3
presents the proposed symmetry test based on Neyman’s ap-
proach, its asymptotic properties and a bootstrap method of infer-
ence. Section 4 extends the proposed test to dependent data case.
Section 5 reports Monte Carlo simulations on homogeneous distri-
butions and mixed distributions. Section 6 provides an empirical
example on testing symmetry of wage adjustment process based
onwage contracts of varying durations. The last section concludes.
Mathematical proofs are gathered in an Appendix.

2. Smooth test of distributions

We are interested in testing the hypothesis that an iid random
sample {Yi}

n
i=1 are generated from a known continuous distribu-

tion FY . Denote the probability integral transformation of Yi by
Xi = FY (Yi), i = 1, . . . , n. It follows that {Xi}
n
i=1 are distributed

according to the standard uniform distribution under the null hy-
pothesis. Thus all tests of distributions can be formulated as a test
of uniformity following the probability integral transformation.

There exist many tests of uniformity. In this study we focus
on Neyman’s (1937) smooth test, which enjoys appealing theoreti-
cal properties and good finite sample performance (c.f., a review of
goodness-of-fit tests by Rayner and Best (1990)). Let X = {Xi}

n
i=1 be

an iid sample from a continuous distribution p0 defined on [0, 1].
The null hypothesis is that p0 is the uniform distribution. Neyman
(1937) considered the following family of alternative distributions

p(x; γ (k)) = c(γ (k)) exp


k

j=1

γjbj(x)


, x ∈ [0, 1] , k ≥ 1, (1)

where b1, . . . , bk are normalized Legendre polynomials on [0, 1],
γ (k)

= (γ1, . . . , γk)
′
∈ Rk, and c(γ (k)) = (


[0,1] exp

k
j=1 γjbj(x)


dx)−1 is a normalization factor.

When γj = 0 for all j = 1, . . . , k (i.e., γ (k) is a zero vector),
we have p(x; 0) = c(0) = 1, corresponding to the uniform
distribution. Thus the test of uniformity amounts to the test onH0 :

γ (k)
= 0 versus H1 : γ (k)

≠ 0 under this framework. Note that the
normalized Legendre polynomials are orthonormal with respect to
the Lebesgue measure on [0, 1] (the null distribution) such that
bi(x)bj(x)dx = 0 for i ≠ j and


b2j (x)dx = 1 for 1 ≤ i, j ≤ k. A

score version of Neyman’s test is particularly convenient. Define

Nk =

k
j=1


n−1/2

n
i=1

bj(Xi)

2

. (2)

The test statistic Nk is an asymptotically locally optimal solution to
the original testing problem. In practice we reject the null hypoth-
esis is rejected for large values of Nk.

The term smooth test comes from the fact that the alternative
distribution (1) is a smoothdeviation from theuniformdistribution
in directions suggested by bj’s. Despite its well-documented good
performance, one limitation of the smooth test is that there is
no clear guidance on how to select the number of terms k in (1),
which affects the power of the test. Traditionally, many authors
restrict their attentions to studying the power of Neyman’s test
with a small k. The past two decades have seen some studies that
consider data driven methods in the selection of k. Usually a two
step procedure is employed. First, a proposed selection rule is
applied to find a suitable distribution within the family of (1). In
the second step, Neyman’s test is applied to the selected model.
The test is thus adaptive in the sense that Neyman’s test is applied
in the ‘right’ direction.

Ledwina (1994) pioneered the data driven smooth tests and
proposed a test using a Schwartz’s Bayesian Information Criteria
(BIC) selection rule. We now describe this testing procedure. Let
Kn be the maximum number of terms considered for a sample of
size n. Define, for 1 ≤ s ≤ Kn,

Ls = log
n

i=1

p(Xi; γ̂ (s)), (3)

where γ̂ (s) is the MLE solution to model (1). We then choose the
best-fitting density according to the BIC

S = min

s : Ls −

1
2
s log n ≥ Lr −

1
2
r log n, 1 ≤ r, s ≤ Kn


. (4)

When there are ties in log likelihoods, the model with the smallest
dimension is selected. Having chosen a model of dimension S, we
use NS as the data-driven Neyman’s test.
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Table 1
Counts of {S = s} under uniformity in 10,000 experiments with Kn = 10.

n s
1 2 3 4 5 6 7 8 9 10

25 9021 621 199 73 32 22 16 7 4 5
50 9416 423 108 31 7 7 3 4 1 0

100 9608 332 42 13 4 0 1 0 0 0
200 9770 197 24 9 0 0 0 0 0 0

Assuming that the unknown distribution belongs to the family
p(·; γ (s)) for some s = 1, . . . , Kn, Ledwina (1994) established the
consistency of her data driven test under a fixed Kn. Kallenberg
and Ledwina (1995) further established its consistency against
essentially all fixed alternatives, allowing Kn to increase with
sample size at a proper rate. Claeskens and Hjort (2004) studied
this test under local alternatives.

The distribution of Ns under the null hypothesis is given by the
following Lemma.

Lemma 1 (Ledwina, 1994). Let {Xi}
n
i=1 be an iid sample from the

standard uniform distribution. (i) For s = 1, . . . , Kn, Ns
d

→ χ2
s as

n → ∞. (ii) Let S be selected according to (4). Pr(S = 1)
p

→ 1 and
NS

d
→ χ2

1 as n → ∞.

Note that the test is constructed with the restriction that S ≥

1. Intuitively, under the null hypothesis, only the first moment
condition is required to construct a nontrivial test, as indicated
by that Pr(S = 1) → 1 as n → ∞. However when S is data
driven there is a positive probability that S > 1 under the null
hypothesis, complicating the finite sample distribution of NS . A
quick examination of (2) suggests that NS ≥ N1 for all S > 1. Thus
although S → 1 as n → ∞, in finite samples, the proper critical
values for the distribution of NS are generated from a mixture of
χ2 distributions and exceed those of χ2

1 . Ledwina (1994) proposed
a simple Monte Carlo approach to approximate the finite sample
distribution of NS . She showed that under the null hypothesis, the
distribution of NS quickly converges to its asymptotic distribution.
More importantly, the distribution is shown to be stable under
reasonably large Kn and therefore not sensitive to the choice of Kn.

The data driven smooth test can perhaps be better understood
via simple Monte Carlo examples. Table 1 reports the frequency of
S = s for s = 1, . . . , Kn for Kn = 10 under uniformity for small to
moderate sample sizes. Each experiment is repeated 10,000 times.
As predicted by Lemma 1, S converges to 1 quickly as sample size
increases. Even for sample size as small as 25, the proportion of
S = 1 is larger than 90%.

Table 2 tabulates the simulated 5% critical values for NS for var-
ious Kn. One can see that although S → 1 rapidly, even relatively
rare cases of S > 1 have a substantial influence on the speed in
which simulated critical values of NS approach the limiting critical
value. The resulting finite sample deviation of the distribution of
NS from its limiting distribution demonstrates the merit of using
simulated critical values when S is data driven. On the other hand,
it is seen that the critical values stabilize as Kn increases, confirm-
ing that the tests are not sensitive to the choice of Kn, provided that
the sample size is reasonably large.

Ledwina (1994) conducted intensive Monte Carlo simulations
to demonstrate good power performance of the data driven
smooth test. This test has been generalized in several directions.
Kallenberg and Ledwina (1997) considered composite hypothe-
ses. Inglot and Ledwina (2006) suggested thatmany alternative cri-
teria can be employed to construct consistent data driven smooth
tests. For instance, they showed that both the AIC and BIC penalties
lead to consistent data-driven smooth tests. They further proposed
a testwhose selection rule itself is data-driven. For the applications
of smooth tests in econometrics, see Bera and Ghosh (2002), Pre-
maratne and Bera (2005), Bera et al. (2013) and references therein.

3. A data-driven Neyman’s test for symmetry

In this section we propose a data driven Neyman’s test for
symmetry. We start with the construction of the test, followed
by its asymptotic properties. We also propose using a bootstrap
method for inference.

3.1. Construction of test statistic

The proposed test is constructed in three simple steps. We first
construct a symmetrized distribution of the data about a center
parameter. We then transform the data using the probability
integral transformation according to the symmetrized distribution.
Under the null hypothesis of symmetry, the transformed data
follow the uniform distribution asymptotically. Thus the third step
entails calculation of Neyman’s smooth test for uniformity based
on the transformed data.

Let F̂ (y) =
1
n

n
i=1 I (Yi ≤ y) be the empirical CDF of an iid

sample {Yi}
n
i=1 from a continuous distribution F . We are interested

in testing if F is symmetric about a center parameter θ . Let θ̂ be an
estimated center parameter of Fn and define its mirrored version
about θ̂ by F̂θ̂ (y) =

1
n

n
i=1 I


Yi ≤ 2θ̂ − y


, which is the empirical

distribution obtained by rotating Fn about θ̂ . The symmetrization of
Fn about θ̂ is then defined as

sF̂θ̂ (y) =
1
2


F̂ (y) + F̂θ̂ (y)


−

1
4n

=
1
2


F̂ (y) + 1 − F̂


2θ̂ − y

−


−
1
4n

, (5)

where F̂ (y)− =
1
n

n
i=1 I (Yi < y) and the term −1/(4n) is a finite

sample adjustment such that sF̂θ̂ is symmetric about θ̂ .1 Denote
by Fθ the rotation of F about θ and by sFθ the symmetrization
of F about θ . Suppose that θ̂ converges to θ almost surely, then
F̂θ converges to Fθ almost surely, which in turn suggests that
sF̂θ̂ converges to sFθ almost surely. Under the null hypothesis of
symmetry, F = Fθ = sFθ .

Next, we denote the probability integral transform of Y with
respect to the symmetrized empirical distribution by

Xi(θ̂) = sF̂θ̂ (Yi), i = 1, . . . , n. (6)

Then our test is based on samplemoments of the transformed data

b̄j(θ̂) =
1
n

n
i=1

bj

Xi(θ̂)


, j = 1, . . . , K , (7)

where bj (·)’s are a series of bounded functions orthonormal with
respect to the Lebesgue measure on [0, 1]. Since the transformed
data are restricted to [0, 1], the existence of their moments in the
form of E[bj(X(θ))], j = 1, 2, . . . , is warranted. In contrast, tests
based on sample moments of the raw data, such as 1

n

n
i=1 Y

j
i , j =

1, 2, . . . , require the existence of their corresponding population

1 Suppose Y = {Yi}
n
i=1 is arranged in the ascending order and there are no ties.

Wehave F̂(Y ) = 1/n, 2/n, . . . , 1,which treats the sampleminimumandmaximum
asymmetrically. One way to render it strictly symmetric is to modify the standard
empirical cdf (1/n)

n
i=1 I(Yi ≤ y) to F̂(y) = (1/n)

n
i=1 I(Yi ≤ y)−1/(2n), giving

rise to the −1/(4n) in (5). We introduce this additional term such that the result
in Proposition 1 is exact. In practice, it makes little difference whether this term is
included or not.
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Table 2
5% critical values of Ns simulated for various values of Kn .

n Kn

1 2 3 4 5 6 7 8 9 10

25 3.793 5.486 6.562 6.951 7.135 7.257 7.322 7.339 7.350 7.356
50 3.841 5.327 5.748 5.891 5.998 6.008 6.028 6.035 6.035 6.035

100 3.777 5.208 5.336 5.361 5.367 5.367 5.367 5.367 5.367 5.367
200 3.765 4.550 4.632 4.647 4.647 4.647 4.647 4.647 4.647 4.647
moments. In addition, high order samplemoments can be sensitive
to possible outliers and require a large sample size for their
accurate estimations (see, e.g., Bai and Ng (2005) on the estimation
of sample kurtosis).

For our hypothesis testing purpose, Neyman’s test can be

constructed as Ns =
s

j=1


√
nb̄j(θ̂)

2
. However we find that for

any function satisfying b(x) = b(1− x) for x ∈ [0, 1], E[b(X(θ))] is
a constant that does not depend on θ or the underlying distribution
F , due to the construction of the transformed data. Since all even-
ordered orthogonal polynomials b(·) on [0, 1] satisfy the condition
that b(x) = b(1 − x), only odd-ordered orthogonal polynomials
are required in our construction of the symmetry test based on the
transformed data. This result is presented formally below.

Proposition 1. Given a sample Y1, . . . , Yn, let Xi(θ) be given
by (6) with θ being an arbitrary constant. Suppose b (·): [0, 1] → R
such that b (x) = b (1 − x). Define b̄(θ) =

1
n

n
i=1 b (Xi (θ)). We

have b̄(θ) =
1
n

n
i=1 b(

2i−1
4n )

p
→

[0,1] b(x)dx as n → ∞.

Remark 1. The above result is analogous to that all odd-ordered
centeredmoments of a symmetric distribution are zero (i.e.,


(y−

θ)jdF(y) = 0 for j = 1, 3, 5, . . . , where F is symmetric about θ ).
On the other hand, it is more general as it holds for arbitrary F and
θ and therefore does not require that F is symmetric or θ is the
central parameter. Intuitively, this is due to the fact that sF̂θ is the
exact symmetrization of F̂ with respect to θ .

Remark 2. It follows readily from Proposition 1 that for the
Legendre and cosine series on [0, 1], the even-ordered moments
of the transformed data are constants. To see this, note that the
normalized Legendre series on [0, 1] are defined by

bj (x) =

√
2j + 1
j!

dj

dxj


x2 − x

j
.

Clearly the bj(x) = bj(1 − x) for even integers j. Similarly, for the
cosine series defined by bj (x) =

√
2 cos (jπx), we have bj(1−x) =

√
2 cos (jπ(1 − x)) =

√
2 cos(−jπx + jπ) =

√
2 cos(jπx) = bj(x)

for even integers j.

Having established that all even-ordered moments for the
transformed data do not contain useful information, we proceed to
construct the smooth test of symmetry based on only odd-ordered
orthonormal moments. Define, for s ≥ 1,

Ns =

s
j=1

√
nb̄2j−1(θ̂)

2
, (8)

where b̄j(θ̂) are given in (7). Since the center parameter θ is
unknown and replaced with its sample analog θ̂ , the asymptotic
distribution of Ns in (8) is not χ2

s under the null hypothesis. Proper
standardization is required to account for the presence of nuisance
parameters.

For j = 1, 3, . . . , 2s− 1, define Bj (θ) = E[b̄j (θ)]. Let b̄(s) (θ) =
b̄1 (θ) , b̄3 (θ) , . . . , b̄2s−1 (θ)

′
and B(s) (θ) = (B1 (θ) , B3 (θ) ,

. . . , B2s−1 (θ))′. We make the following assumptions.
Assumption 1. {Yi}
n
i=1 is an iid sample from an absolutely

continuous distribution F with a continuously integrable density f .

Assumption 2. The joint distribution of b̄(s)(θ) and θ̂ satisfy

√
n

b̄(s) (θ) − B(s) (θ)

θ̂ − θ


d

→ N (0, V ) as n → ∞, (9)

where

V =


Vb Vbθ
V ′

bθ Vθ


.

The asymptotic distribution of b̄(s)(θ̂) is then given by the following
result.

Theorem 1. Suppose that Assumptions 1 and 2 hold. As n → ∞, for
s = 1, . . . , Kn,

√
n

b̄(s)


θ̂


− B(s) (θ)


d
→ N


0,D′VD


, (10)

where D =

I(s),G


, I(s) is an identity matrix of dimension s and

G (θ) = ∂B(s) (θ) /∂θ .

Remark 3. Assumption 2 implicitly assumes the existence of the
second ordermoments of Y1, thanks to our choice of using the sam-
ple average as the center tendency parameter. As pointed out by a
referee, this condition is not satisfied by all distributions; for in-
stance, the Cauchy distribution does not have finite second mo-
ment. We note that this requirement is necessitated not by the
particular test we propose, but by that the center tendency pa-
rameter is unknown and therefore has to be estimated. Alternative
center tendency parameters may involve different restrictions. For
example, if instead the samplemedian is used,we shall require that
the density at themedian is bounded away from zero such that the
sample median has a finite asymptotic variance.

Remark 4. Generally the asymptotic distribution of a statisticwith
nuisance parameters can be obtained via a Taylor expansion of
the statistic with respect to the nuisance parameter around its
true value. However in our case, b̄(θ) is not differentiable in θ

because x(θ) = sF̂θ (y) is a step function not differentiable in θ .
Nonetheless, Randles (1982) showed that the desired asymptotic
result can be obtained via a Taylor expansion on the limit of the
statistic, leading to ∂B(s) (θ) /∂θ in Theorem 1 instead of the usual

lim E


∂ b̄(s)(θ)

∂θ


.

Given an estimated center parameter θ̂ , the sample analog of
V can be calculated in a straightforward manner. The gradient of
B(s) (θ) with respect to θ is given by

Gj (θ) =
∂Bj (θ)

∂θ
=


∂

∂θ
bj (sFθ (y)) dF (y) (11)

=


∂sFθ (y)

∂θ
b′

j (sFθ (y)) dF (y) , j = 1, 3, . . . , 2s − 1,
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where b′

j(sFθ(y)) =
d bj(v)

dv |v=sFθ (y). Calculation of (11) usually re-
quires nonparametric density estimates (see e.g., Powell et al.
(1989) on estimation of density weighted average derivatives),
which complicates the construction of the test. Fortunatelywe find
that if we focus on asymptotically efficient estimators of the cen-
ter parameter, then under the null hypothesis that F is symmetric
about θ , we can use an alternative estimator of G (θ) that can be
easily calculated. This result in turn leads to a simplified asymp-
totic distribution of b̄(s).

Theorem 2. Suppose Assumptions 1 and 2 hold and F (·) is symmet-
ric about θ and θ̂ is an asymptotic efficient estimator of θ . Then
G (θ) = −Vbθ/Vθ and
√
n

b̄(s)


θ̂


− B(s) (θ)


d
→ N


0, Vb − VbθV ′

bθ/Vθ


.

Theorem 2 frees us from the task of estimating the density of
Y nonparametrically. Instead, the variance of b̄(s)(θ̂) can now be
easily estimated by their sample analogs. Suppose thatwe estimate
the center parameter by the sample average θ̂ =

1
n

n
i=1 Yi, which

clearly is an asymptotically efficient estimator of θ . Define

V̂b =
1
n

n
i=1


b(s)


Xi(θ̂)


− b̄(s)


θ̂
 

b(s)


Xi(θ̂)


− b̄(s)


θ̂
′

,

V̂bθ =
1
n

n
i=1


b(s)


Xi(θ̂)


− b̄(s)


θ̂
 

Yi − θ̂


,

V̂θ =
1
n

n
i=1


Yi − θ̂

2
,

V̂(s) = V̂b − V̂bθ V̂ ′

bθ/V̂θ . (12)

A standardized test statistic is then constructed as

Ts = b̄(s)V̂−1
(s) b̄

′

(s), (13)

for s = 1, 2, . . . , Kn. The asymptotic distribution of Ts follows
readily from Theorem 2.

Theorem 3. Suppose that Assumptions 1 and 2 hold and 0 <

E[Y 2
1 ] < ∞. Let θ̂ =

1
n

n
i=1 Yi and Ts be given by (13). Then Ts

d
→ χ2

s
as n → ∞ for a finite positive s = 1, 2, . . . , Kn.

Remark 5. In the limiting case that s tends to infinity as n → ∞,
the asymptotic distribution of Ts is given by Ts−s

s
d

→ N (0, 1).

Following Ledwina’s (1994) data driven selection rule, we set
s = S according to the BIC as follows:

S = min {s : Ns − s log n ≥ Nr − r log n, 1 ≤ r, s ≤ Kn} , (14)

where Ns is given in (8). We stress that the selection of order
is based on the non-standardized Ns. After a proper order S is
selected, we proceed to construct a standardized test statistic TS
according to (13).

3.2. Large sample properties

We now examine the asymptotic behavior of the data driven
test of symmetry under the null and alternative hypotheses. To
obtain consistency of the test, it is necessary that the number of
terms used in the testmay tend to infinitywith sample size at some
proper rate.

Below we first examine the asymptotic distribution of TS
under the null hypothesis of symmetry. As indicated above, under
symmetry the symmetrized empirical distribution converges to
the uniform distribution. Since all moments of orthonormal
functions of the uniform distribution vanishes, a single moment
condition is sufficient to construct the test.

Define

ζk = max
1≤j≤k

sup
x∈[0,1]

|bj(x)|. (15)

We make the following assumption about the upper bound Kn.

Assumption 3. limn→∞ KnζKn(log n/n)
1/2

= 0,where ζk is defined
in (15).

Theorem 4. Suppose that Assumptions 1–3 hold and 0 < E[Y 2
1 ] <

∞. Let TS be given by (13) and S be selected according to (14). Then
Pr(S = 1) → 1 and TS

d
→ χ2

1 as n → ∞.

Remark 6. Ledwina (1994) and Kallenberg and Ledwina (1995)
study the rate at which Pr(S = 1) → 1 under the simple hy-
pothesis of uniform distribution. Although the proposed test is
considerably more complicated due to sF̂θ̂ , an effectively infinite
dimensional nuisance parameter, our simulations suggest that S
converges to one rather rapidly. Hence, our proposed symmetry
test performs well even for moderate sample sizes.

Remark 7. For the orthonormal Legendre polynomials on [0, 1],
we have ζk = (2k + 1)1/2 and Assumption 3 amounts to that
limn→∞ K 3

n log n/n = 0. For the cosine series, bj’s are bounded and
Assumption 3 entails that limn→∞ K 2

n log n/n = 0.

Next we consider the asymptotic behavior of the test under al-
ternative distributions. Following Kallenberg and Ledwina (1995),
we consider fixed alternatives that are characterized by their mo-
ments. By the completeness of orthogonal basis functions on [0, 1],
the uniform distribution, denoted by P0, is the unique distribution
on [0, 1] such that EP0 [bj(X) = 0] for j = 1, 2, . . . ,∞. We can
therefore characterize all nonuniform distributions on [0, 1] with
the condition of having at least one non-zeromomentwith respect
to the orthogonal basis. In particular, we make the following as-
sumptions.

Assumption 4. Suppose X = sFθ (Y ) is distributed according to a
distribution P defined on [0, 1] such that

EP [b1(X)] = · · · = EP [bK−1(X)] = 0, EP [bK (X)] ≠ 0, (16)

where K = K(P).

Theorem 5. Suppose that Assumptions 1–4 hold and limn→∞ Kn ≥

K . Then limn→∞ Pr(S ≥ K) = 1 and TS
p

→ ∞ as n → ∞.

Theorems 4 and 5 give the asymptotic behaviors of our test
under the null and alternative distributions and thus establish the
consistency of the test.

3.3. Bootstrap inferences

As suggested by Ledwina (1994) and Kallenberg and Ledwina
(1995), the finite sample distribution of the test statistic depends
on the data driven choice of S. In addition, the presence of nuisance
parameters θ̂ and sF̂θ̂ brings further complications. We therefore
use bootstrapmethods to approximate the distribution of TS . There
are two general principles of bootstrap hypothesis testing: (i)
bootstrap a pivotal statistic; (ii) bootstrap under (imposing) the
null hypothesis (Hall and Wilson, 1991). According to Theorem 4,
TS is asymptotically pivotal, which satisfies the first requirement.
Secondly to bootstrap under the null hypothesis of symmetry,
we shall draw repeatedly random samples of size n from the
symmetrized distribution sF̂θ̂ and for each bootstrapped sample,
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calculate the test statistic in exactly the same way as we calculate
the sample test statistic.

The validity of bootstrap from symmetrized empirical distri-
bution is established by Arcones and Giné (1991), who inves-
tigate theoretically the Kolmogorov–Smirnov type test τn =

n1/2 supy |Fn(y) − sF̂θ̂ (y)| in Schuster and Barker (1987). Because
the limiting distribution of τn under the null hypothesis of symme-
try depends on the unknown distribution F , Schuster and Barker
(1987) proposed a ‘‘symmetric bootstrap’’ method for inferences.
Suppose that {Y ∗

i }
n
i=1 is an iid bootstrap sample from the sym-

metrized distribution sF̂θ̂ . Let F̂
∗ be the empirical CDF of the boot-

strap sample and θ̂∗
=

1
n

n
i=1 Y

∗

i its center parameter. Denote
by sF̂∗

θ̂∗
the corresponding symmetrization of F̂∗ about θ̂∗. Schus-

ter and Barker (1987) used the bootstrap distribution of τ ∗
n =

n1/2 supy |F∗
n (y)−sF̂θ̂∗(y)| to approximate the distribution of τn. Ar-

cones and Giné (1991) established that τn and τ ∗
n share a well-

defined limiting distribution when F is symmetric whereas τn →

∞ if F is not symmetric.2
We conclude this section with a step-by-step description of the

proposed smooth test of symmetry.

1. For a given iid sample Y = {Yi}
n
i=1, calculate its center param-

eter θ̂ =
1
n

n
i=1 Yi and construct its symmetrized distribution

sF̂θ̂ according to (5).
2. Calculate the probability integral transformation Xi(θ̂) =

sF̂θ̂ (Yi) for i = 1, . . . , n.
3. Calculate Ns = nb̄′

(s)b̄(s), s = 1, . . . , Kn, based on the trans-

formed data

Xi(θ̂)

n
i=1

; choose the optimal S according to (14).

4. Calculate the asymptotic variance V̂(S) of b̄(S) according to
(12); construct the asymptotically pivotal test statistic TS =

b̄(S)V̂−1
(S) b̄

′

(s).
5. Draw a random sample Y ∗

(1) of size n from the symmetrized dis-
tribution sF̂θ̂ . Apply steps 1 to 4 to Y ∗

(1) to obtain T ∗

(1). Repeat this

B times to obtain

T ∗

(i)

B
i=1

.

6. Use the pth percentile of

T ∗

(i)

B
i=1

as the pth percent critical
value of TS .

Note that when the center parameter θ is known, step 4 is not
required and steps 5 and 6 are undertaken with TS replaced by NS
given in (2).

4. Extension to dependent data

Testing for symmetry is often conducted on dependent data,
such as time series of macroeconomic variables or financial
returns. In this section, we briefly present an extension of the
proposed test to dependent data.

Due to nuisance parameters relating to serial correlation in the
data, tests developed under the iid assumption usually do not have
distribution-free limits. Bai (2003) usedmartingale transformation
methods to obtain distribution-free tests. A computationally-
simpler alternative is proposed by Bai and Ng (2005), who

2 Arcones and Giné (1991) showed that for n−1/2-bootstrap consistent location
parameter θ , the empirical process sF̂θ̂ converges to F almost surely provided that F
is symmetric and absolutely continuous with a uniformly integrable density f . Note
that the consistence requirement on the location parameter θ is slightly stronger
than usual in the sense that it imposes joint convergence of the parameter and the
empirical process. On the other hand, this requirement is automatically satisfied if
θ is differentiable in any reasonable sense (see Theorem 2.3 of Arcones and Giné
(1991) for details).
suggested standardizing test statistics by their long run variances.
We adopt the second approach in this paper. In particular, we
calculate the long run variance Ṽ(S) for the test statistic using the
Bartlett kernel suggested by Newey and West (1987), for which
the bandwidth is chosen according to the data-driven method
by Andrews (1991).

In terms of inferences, we use the stationary bootstrap method
proposed by Politis and Romano (1994). To mimic the serial
correlation in data, this method entails wrapping up a time series
into a cycle and resampling blocks of data from this infinite ‘loop’
of data. The performance of this method depends critically on how
one selects the block length in resampling. We use the algorithm
proposed by Politis and White (2004) to determine the optimal
block length,which obtains the fastest possible rate of convergence
that is adaptive on the strength of the correlation of the time series
as measured by the correlogram. Denote the optimal block length
by l̂. We then use a sampling method wherein the distribution
of resampled block length follows a geometric distribution with
mean l̂.

We conjecture that the consistency and asymptotic behavior of
the proposed test statistic derived in the previous section extend
to the dependent case under suitable conditions. Although an in-
depth analysis of these theoretical matters is beyond the scope of
this paper, we use Monte Carlo simulations to evaluate its finite
sample performance in the next section, including both iid data and
dependent data cases.

5. Monte Carlo simulations

In this section we use simulations to examine the finite sample
performance of the proposed test. Following Bai and Ng (2005),
we consider some well known distributions such as the normal,
the t and the χ2, as well as distributions from the generalized
lambda family. The generalized lambda distribution, denoted by
Fλ, is defined in terms of the inverse of the cumulative distribution
F−1 (u) = λ1+


uλ3 − (1 − u)λ4


/λ2, 0 < u < 1. This family nests

awide range of symmetric and asymmetric distributions, featuring
both homogeneous and mixed distributions. In particular, we
consider the following distributions:

• Symmetric distributions
S1: N (0, 1)
S2: t distribution with 5 degrees of freedom
S3: e1I (z ≤ 0.5) + e2I (z > 0.5) , where z ∼ U (0, 1) , e1 ∼

N (−1, 1), and e2 ∼ N (1, 1)
S4: Fλ, λ1 = 0, λ2 = 0.19754, λ3 = λ4 = 0.134915
S5: Fλ, λ1 = 0, λ2 = −1, λ3 = λ4 = −0.8
S6: Fλ, λ1 = 0, λ2 = −.397912, λ3 = λ4 = −.16
S7: Fλ, λ1 = 0, λ2 = −1, λ3 = λ4 = −.24

• Asymmetric distributions
A1: lognormal: exp(e), e ∼ N (0, 1)
A2: χ2 distribution with 3 degrees of freedom
A3: exponential: − ln (e) , e ∼ U (0, 1)
A4: Fλ, λ1 = 0, λ2 = 1, λ3 = 1.4, λ4 = 0.25
A5: Fλ, λ1 = 0, λ2 = −1, λ3 = −0.0075, λ4 = −0.03
A6: Fλ, λ1 = 0, λ2 = −1, λ3 = −.1, λ4 = −.18
A7: Fλ, λ1 = 0, λ2 = −1, λ3 = −.001, λ4 = −.13
A8: Fλ, λ1 = 0, λ2 = −1, λ3 = −.0001, λ4 = −.17

The first seven distributions are symmetric and the next eight are
asymmetric, with a wide range of skewness and kurtosis coeffi-
cients. We conducted the simulations using both the Legendre and
cosine series. The results from these two basis function choices are
rather similar, with the cosine series results slightly better. Cosine
series are used in Eubank and LaRiccia (1992) and Bickel and Ri-
tov (1992) for their good performance for approximating aperiodic
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functions on [0, 1]. To save place, we report only the results on co-
sine series. As discussed in Section 2, Inglot and Ledwina (2006)
show that various information criteria, including the AIC and BIC,
can be employed to construct data driven smooth tests that are
consistent.We experimentedwith different selection rules, includ-
ing the AIC, BIC, Hannan–Quinn Information Criterion, and the cri-
terion suggested by, which has a penalty 2S log n, where S is the
number of moments used in the test. Consistent with Inglot and
Ledwina (2006), the results from these experiments are quantita-
tively similar. Below we report only results using the criterion in
Haughton et al. (1990),which is shown to performparticularlywell
for dependent data.3

For comparison, we also consider two existing symmetry tests:
(i) a moment-based test proposed by Bai and Ng (2005), and
(ii) an entropy-based test suggested by Maasoumi and Racine
(2009) that is based on estimated densities of raw data. The former
is an asymptotic test that can be easily constructed, while the latter
a fully nonparametric test that uses bootstrap for inferences.

Given a random sample {Yt}
n
t=1 from a distribution F , let µ̂ be

its sample average, µr be the centered rth moment and µ̂r the
corresponding sample estimate, r ≥ 2. Define α̂1 = [1, −3µ̂2]

and

Ẑ1,t =


(Yt − µ̂)3 − µ̂3

Yt − µ̂


.

Let Ẑ1 = [Ẑ1,t , . . . , Ẑ1,n]′ and Γ̂1 = Ẑ ′

1Ẑ1/n. The skewness test is
defined as

π3 =
√
n

µ̂3

s(µ̂3)
,

where s(µ̂3) = (α̂1Γ̂1α̂
′

1)
1/2. Bai and Ng (2005) also proposed

an alternative test based on the third and fifth moments µ̂3,5 =

[µ̂3, µ̂5]. Let

α̂2 =


1 0 −3µ̂2
0 1 −5µ̂4


, Ẑ2,t =

(Yt − µ̂)3

(Yt − µ̂)5

Yt − µ̂

 .

Define Ẑ2 = [Ẑ2,1, . . . , Ẑ2,n]′ and Γ̂2 = Ẑ ′

2Ẑ2/n. The test statistic is
then defined as

π3,5 = nµ̂3,5


α̂2Γ̂2α̂

′

2

−1
µ̂′

3,5.

One can show that π3 and π3,5 are distributed asymptotically
according to the N (0, 1) and χ2

2 distribution respectively under
the null hypothesis of symmetry.

Denote by f̂n and f̂n,θ̂ estimated density of Y and its rotation
about a center parameter θ̂ . Maasoumi andRacine (2009) proposed
a test based on the Hellinger entropy/distance

Sρ =
1
2

 
f̂ 1/2n (y) − f̂ 1/2

n,θ̂
(y)
2

dx.

Under the null hypothesis of symmetry, Sρ

p
→ 0 as n → ∞ but its

limiting distribution depends on the unknown distribution F . Thus
they also use a symmetric bootstrap method to approximate the
distribution of Sρ .

3 Results on simulations using the Legendre polynomials and alternative
selection rules are available from the authors upon request. The size performance
of the proposed tests using different information criteria are rather similar. Their
powers differ slightly dependent on the alternative distributions. Nonetheless, the
general comparison relative to the competingmoment-based tests and kernel based
tests remain the same if we replace the test results with Haughton’s criterion with
other information criteria.
We investigate the aforementioned tests using sample size n =

25, 50 and 100. For each experiment, we use 500 repetitions for
the smooth test and entropy test, and 5000 repetitions for the
moment-based tests. For the smooth test, we use 399 repetitions in
the symmetric bootstrap to approximate the distribution of TS . We
set Kn = 5 such that the test statistic chooses among the candidate
set {T2s−1}

5
s=1, where S is chosen according to the information

criterion suggested in Haughton et al. (1990). We use the sample
mean as the estimated center parameter. For the entropy-based
test, we use a kernel density estimator to estimate the sample
densities and their rotations about center parameters. We use
Sheather and Jones bandwidth selection rule to choose bandwidth
automatically. For all simulations,we report simulations results for
significance level α = 5% below.

Table 3 reports simulation results on symmetric distributions,
reflecting the size of the tests in consideration. Overall, all four
tests appear to be correctly-sized. Table 4 reports powers of the
symmetry tests. A few observations are in order: (i) For the
small sample size case of n = 25, across the eight distributions
considered in our experiments, TS provides the best performance
in A1, A3, A7 and A8, and is only slightly outperformed by the
other tests in the remaining cases. (ii) As sample sizes increase,
the performance gaps between the moment-based tests and
the nonparametric tests increase, reflecting the consistency of
the latter. (iii) Between the entropy-based test and the smooth
test, the latter provides an overall higher power, sometimes by
substantial margins.4 In addition, it is noted that the smooth tests
are substantially faster in terms of computation time because
they only require calculation of empirical CDF and a few of its
moments, while the kernel-based method entails searching for an
optimal bandwidth, evaluation of kernel densities and numerical
integration to evaluate the Hellinger distance, which can be rather
time consuming especially when bootstrap is used for inferences.

Next we present simulation results on dependent data. The
time series used in our experiments are generated according to the
following autocorrelated process

Yt = ρYt−1 + εt ,

where εt follows one of the symmetric or asymmetric distributions
given above. Following Bai and Ng (2005), the long run variances
of the moment-based test statistics are calculated according to the
automatic lag selection algorithm in Andrews (1991). Stationary
bootstrap method with block length selected according to Politis
and White (2004) is used for the entropy-based test and smooth
test. To save space, we report in Table 5 only results for ρ =

0.5. The overall powers of the tests are lower compared to
their counterparts for iid data, albeit the general patten remains
quantitatively similar. The proposed smooth test appears to be
largely compatible with or sometimes outperform other tests.

6. An empirical example

The wage determination process is one of the most studied
areas of empirical labor economics. At the root of this research
lies the question of downward nominal rigidity, which, if preva-
lent, would interfere with the functioning of the labor market
preventing the efficient reallocation of workers from low to high
demand areas and inducing unemployment. Furthermore, if nomi-
nal rigidity ismore pervasive in some sectors than in others, similar
shocks will have different price and quantity effects. For example,
if unions are more resistant to wage cuts than the non-union sec-
tor real wage realignment may be more difficult to achieve in the

4 All tests have relatively small powers against distributions A4-6 when sample
size is small, which is consistent with findings in Randles et al. (1980).
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Table 3
Sizes of symmetry tests.

n = 25 n = 50 n = 100
π3 π3,5 Sρ Ts π3 π3,5 Sρ Ts π3 π3,5 Sρ Ts

S1 0.05 0.05 0.04 0.03 0.04 0.04 0.04 0.03 0.06 0.04 0.04 0.05
S2 0.06 0.04 0.03 0.03 0.04 0.02 0.04 0.06 0.04 0.03 0.05 0.06
S3 0.04 0.05 0.03 0.03 0.04 0.04 0.04 0.03 0.05 0.04 0.04 0.07
S4 0.04 0.05 0.05 0.04 0.04 0.03 0.04 0.05 0.05 0.03 0.04 0.04
S5 0.04 0.04 0.04 0.02 0.06 0.04 0.04 0.04 0.03 0.03 0.03 0.05
S6 0.05 0.04 0.03 0.03 0.03 0.03 0.04 0.04 0.03 0.02 0.04 0.05
S7 0.05 0.05 0.05 0.05 0.04 0.03 0.03 0.05 0.04 0.02 0.05 0.06
Table 4
Powers of symmetry tests.

n = 25 n = 50 n = 100
π3 π3,5 Sρ Ts π3 π3,5 Sρ Ts π3 π3,5 Sρ Ts

A1 0.36 0.39 0.43 0.53 0.35 0.47 0.68 0.91 0.49 0.71 0.93 0.97
A2 0.45 0.42 0.51 0.48 0.63 0.76 0.82 0.94 0.79 0.96 1.00 1.00
A3 0.46 0.43 0.47 0.51 0.61 0.78 0.83 0.95 0.77 0.97 0.99 1.00
A4 0.26 0.23 0.24 0.22 0.57 0.39 0.56 0.53 0.90 0.80 0.91 0.89
A5 0.28 0.21 0.26 0.20 0.43 0.43 0.56 0.63 0.70 0.85 0.91 0.97
A6 0.14 0.10 0.11 0.12 0.18 0.13 0.19 0.24 0.29 0.28 0.40 0.58
A7 0.42 0.41 0.42 0.56 0.52 0.67 0.80 0.95 0.63 0.87 0.98 0.99
A8 0.41 0.40 0.42 0.54 0.48 0.61 0.74 0.93 0.54 0.81 0.97 0.99
Table 5
Simulation results for dependent data (ρ = 0.5).

n = 25 n = 50 n = 100
π3 π3,5 Sρ Ts π3 π3,5 Sρ Ts π3 π3,5 Sρ Ts

S1 0.05 0.04 0.04 0.06 0.07 0.05 0.04 0.05 0.07 0.03 0.05 0.05
S2 0.08 0.06 0.04 0.06 0.06 0.06 0.04 0.06 0.07 0.04 0.06 0.04
S3 0.04 0.03 0.03 0.06 0.06 0.05 0.04 0.05 0.06 0.04 0.05 0.05
S4 0.05 0.04 0.04 0.06 0.08 0.04 0.03 0.05 0.06 0.03 0.04 0.06
S5 0.06 0.05 0.04 0.06 0.07 0.05 0.04 0.07 0.07 0.05 0.04 0.07
S6 0.07 0.04 0.05 0.06 0.06 0.04 0.06 0.06 0.06 0.03 0.05 0.05
S7 0.07 0.05 0.08 0.06 0.06 0.05 0.05 0.06 0.05 0.04 0.05 0.05

A1 0.30 0.25 0.31 0.33 0.40 0.51 0.62 0.63 0.54 0.82 0.90 0.92
A2 0.30 0.24 0.19 0.23 0.55 0.61 0.60 0.59 0.79 0.94 0.93 0.93
A3 0.29 0.22 0.24 0.25 0.55 0.56 0.54 0.59 0.79 0.94 0.91 0.92
A4 0.11 0.09 0.07 0.11 0.27 0.16 0.20 0.23 0.51 0.44 0.40 0.39
A5 0.16 0.13 0.15 0.17 0.33 0.27 0.35 0.32 0.63 0.68 0.65 0.69
A6 0.12 0.10 0.09 0.13 0.17 0.14 0.15 0.16 0.30 0.30 0.27 0.30
A7 0.30 0.23 0.28 0.30 0.50 0.59 0.60 0.62 0.67 0.91 0.94 0.96
A8 0.27 0.25 0.29 0.30 0.47 0.57 0.61 0.67 0.63 0.90 0.94 0.93
union sector. The samemay be true in the public sector when com-
pared with the private sector, since the former is typically more
unionized than the latter. There is an expanding research area that
studies this issue, see Christofides and Stengos (2003) for a recent
review of the current literature. The role of symmetry as a gauge
of the extent and significance of downward nominal rigidity is
the subject of considerable debate. Card and Hyslop (1997) note
that most wage determination models imply symmetry and use
the portion of the distribution above the median as the no-rigidity
counter factual in their own work. McLaughlin (2000) provides
reasons other than downward wage rigidity for believing that the
wage-change distribution may be asymmetric. Whatever the rea-
sons, testing for symmetry or the lack of it (asymmetry) is a ques-
tion of paramount importance in empirical labor economics and
serves as a first stage in obtaining a better understanding of wage
determination. The starting point of most of these studies is the
construction of wage-change histograms from data on individual
agents. However, visual evidence must be filtered through stan-
dard statistical procedures in order to measure the quantitative
significance of certain forces and effects. In this context, consider-
ation of the symmetry of the wage-change distribution has played
a very important role. A number of symmetry measures have been
used in this literature. These include the standardized skewness
coefficient test, the difference between themedian andmean, sym-
metrically differenced histograms and nonparametric symmetry
tests, see McLaughlin (2000) and Christofides and Stengos (2003)
for a discussion of these different measures.

We apply our proposed smooth test and two alternative tests
considered in the previous section to a set of annual Canadian
public sector union wage contract data between 1978 and 1994.
The union contract data used in this paper concern the annualized
change over the life of each contract in the base-wage rate
agreed to by employers and unions in the Canadian public
sector. The data were compiled initially by Labor Canada (now
Human Resources Development Canada), starting in 1978 and
cover contracts involving employees numbered between 500 and
nearly 80,000. Collective bargaining agreements often implement
an increase in the nominal wage rate at the beginning of the
contract and then again at yearly intervals. Contract duration (in
years) and the number of nominal revisions are correlated but not
identical and, in any case, the main pattern is one of infrequent
wage adjustments. A result of this fact is that, depending on
what contract sub-period one chooses to focus on, the implied
nominal change could be made arbitrarily large or small. Under
these circumstances, and given that contract duration varies
substantially across settlements, a natural interval over which to
measure wage adjustment is the contract duration itself. In the
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Table 6
Symmetry tests ofwage adjustment data (S andA for test results stand for symmetry
and asymmetry respectively).

Year Mean Std. Min. Max. π3 π3,5 Sρ TS

1978 7.10 2.48 0 19.4 A A A A
1979 8.45 2.32 0 20.2 S S S S
1980 11.00 3.89 −2.7 29.9 A A A A
1981 12.77 3.68 0 30.0 A A A A
1982 10.38 4.56 −2.4 26.0 A A A A
1983 5.19 3.02 −8.4 16.2 S S A A
1984 3.39 2.25 −0.4 10.8 S A A A
1985 3.26 2.14 −0.4 12.4 S A A A
1986 3.66 1.68 0 14.6 S S A A
1987 3.86 1.58 −0.6 10.3 S A A A
1988 4.48 1.92 0 23.2 S S A A
1989 5.10 1.92 −0.2 19.8 S A A A
1990 5.37 2.21 −0.3 15.2 S A A A
1991 4.56 2.41 −7.9 14.3 S A A A
1992 2.41 2.16 0 15.8 A A A A
1993 0.99 1.56 −5.0 8.2 A A A A
1994 0.12 2.00 −7.5 17.7 S S S S

contract data the private–public sector distinction is made by the
data collection agency itself and is based on the sources of funding
for the employer. Thus, health and education sector contracts are
classified as belonging to the public sector because these services
are not market-provided.

The data span the high-inflation period of 1978–1982, the
medium-inflation period of 1984–1989 and the low-inflation pe-
riod of 1990–94. The contract data involves agreements which do
not contain Cost-of-Living-Allowance (COLA) clauses and, there-
fore, do not raise the additional complication that some of the
relevant wage flexibility may come from the indexation clause.
Nonetheless, due to the difference in their macro economic en-
vironment and contract durations, the distributions of wage ad-
justment process are probably heterogeneous in more than one
aspect. Denote by Yi,t the level of wage adjustment for contract
i = 1, . . . , nt in year t = 1978, . . . , 1994, where nt is the num-
ber of contracts in year t ranging from 394 to 593 with an average
of 525. Let µ̂t = (1/nt)

nt
i=1 Yi,t . The hypothesis of interest is that

Yi,t , i = 1, . . . , nt , are distributed according to a distribution sym-
metric about µ̂t for t = 1978, . . . , 1994.

The left panel of Table 6 provides some descriptive statistics for
the data during the sample period and the right panel reports the
test results for these years where A (asymmetry) denotes rejection
of symmetry and S (symmetry) denotes fail to reject symmetry.
The results suggest that during most of the sample years public
sector union contracts displayed considerable downward nominal
rigidity in order to avoid real wage erosion due to inflation. As was
expected from the findings in the simulations, the skewness test is
less powerful than the test based on the third and fifth moment,
which in term is less powerful than the two nonparametric tests,
which produce identical results. It is noted that when symmetry
is rejected by moment-based tests, it is also rejected by the
nonparametric tests. On the other hand, there are cases when
symmetry is only rejected by the two nonparametric tests, but not
by moment-based tests.

7. Concluding remarks

In this paper we propose a data driven Neyman’s test for sym-
metry. Under the null hypothesis of symmetry, the probability
integral transformation of raw data with respect to a symmetriza-
tion about a center parameter has a limiting uniform distribution.
Since the power of Neyman’s test of uniformity can be affected
by its number of terms, we adopt Ledwina’s (1994) data driven
smooth test, wherein the number of terms is chosen according to
some information criterion.We use a symmetric bootstrapmethod
to approximate the distribution of test statistic for testing sym-
metry. Because the distribution of the test statistic depends on
the unknown distribution of raw data, we propose a standardized
version of the original smooth test, which is distribution free
asymptotically. We examine the asymptotic behaviors of the test
statistic under the null and alternative hypothesis and established
its consistency. Our Monte Carlo simulations demonstrate that the
proposed method is comparable with and sometimes outperforms
existing methods. An empirical example on the symmetry of wage
adjustment processes of Canadian public sectors is provided. Ex-
tension of the proposed symmetry test to regression residuals, as
studied in Fan and Gencay (1995) and Bai (2003), may be con-
sidered in future work. One referee suggested using wavelet as
alternative moment functions in the construction of the smooth
test. We find this idea rather appealing. Neyman’s test is named
‘‘smooth test’’ since it considers a family of alternative distributions
that are smooth deviations from the null uniform distribution. The
smoothness stems from the employment of ‘smooth’ functions
such as power series or cosine series, which are investigated in this
study. Wavelet functions are known to be able to capture local or
abrupt features. We conjecture that using this family of basis func-
tions in the proposed test may improve its power against high fre-
quency deviations from the null uniformdistribution.We leave the
pursuit of using wavelet base function in testing symmetry as a fu-
ture research topic.
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Appendix

Proof of Proposition 1. Without loss of generality, suppose the
sample is ordered such that Y1 < Y2 < · · · < Yn. It follows that

sF̂θ (Yi) =
i
2n

+
1
2n

n
j=1

I

Yi + Yj > 2θ


−

1
4n

≡
2ni − 1

4n
, (A.1)

where ni = i +
n

j=1 I

Yi + Yj > 2θ


, i = 1, . . . , n. The alterna-

tive definition (A.1) suggests that the value of sF̂θ (Yi) depends on θ
only via the rank of θ relative to the sequence {Yi}

n
i=1. Our strategy

of proof is to show that for all possible ranks of θ ,

n
i=1

b(sF̂θ (Yi)) =

n
i=1

b

2ni − 1

4n


=

n
i=1

b

2i − 1
4n


, (A.2)

which does not depend on F or θ for all b(·)’s satisfying b(x) =

b(1 − x) for x ∈ [0, 1].
The desired result can be obtained by the following steps.

1. Suppose that θ > Yn, ni = i for i = 1, . . . , n, yielding (A.2)
immediately.

2. Next let θ descend such that Yn−1 + Yn ≤ 2θ < 2Yn. We now
have ni = i for i = 1, . . . , n − 1, and nn = n + 1. Corre-
spondingly, the only change in sF̂θ (Yi)’s is that sF̂θ (Yn) increases
from 2n−1

4n to 2n+1
4n . Since b(x) = b(1 − x), b((2n + 1)/4n) =

b((2n−1)/4n). It follows that all values of sF̂θ (Yi), i = 1, . . . , n,
remain the same, yielding again (A.2).
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3. Further decrease the value of θ such that 2yn−1 ≤ 2θ <
Yn−1 + Yn. We now have ni = i for i = 1, . . . , n − 2, nn−1 =

n and nn = n + 2. Correspondingly, sF̂θ (Yn) increases from
2n+1
4n to 2n+3

4n and sF̂θ (Yn−1) increases from 2n−3
4n to 2n−1

4n . Since
b (x) = b (1 − x), b((2n − i)/4n) = b((2n + i)/4n) for i = 1, 3.
Thus the sum of sF̂θ (Yn) and sF̂θ (Yn−1) remains the same. Since
sF̂θ (Yi), i = 1, . . . , n − 2 are not affected by the change in θ ,n

i=1 sF̂θ (Yi) does not change.
4. Continuing lowering the value of θ , one can show that there are

only two possible outcomes.
• As illustrated in Step 2, when θ falls into a range from im-

mediate above such that Yn−i−1 + Yn−i ≤ 2θ ≤ 2Yn−1, the
only change is that nn−i changes from n − i to n − i + 1.
Since b ((2(n − i) − 1) /4n) = b ((2 (n − i + 1) − 1) /4n),
the value of

n
i=1 b


sF̂θ (Xi)


is not affected.

• As illustrated in Step 3, when θ falls into a range from im-
mediate above such that 2Yn−i ≤ 2θ < Yn−i + Yn−i+1, only
values of nn−i and nn−i+1 are affected. However, this change
merely leads to an interchange in the values of b


sF̂θ (Yn−i)


and b


sF̂θ (Yn−i+1)


and thus does not affect the value ofn

i=1 b

sF̂θ (Yi)


.

Since the above derivation is independent of F and holds for all
θ ’s, we have shown that

n
i=1 b


sF̂θ (Yi)


does not depend on

F or θ for b (·) for all b(·)’s satisfying b(x) = b(1 − x). �

Proof of Theorem 1. Under Assumption 2, b̄(s) (θ) and θ̂ have
a joint asymptotic normal distribution. Suppose the center
parameter θ is known, b̄(s) (θ) is a U-statistic with a n degree
asymmetric kernel

bl

sF̂θ (yi)


= bl


1
2n

n
l=1

I (yl ≤ yi) +
1
2n

n
l=1

I (yl + yi > 2θ) −
1
4n


≡ bl


yi, y1 . . . , yi−1, yi+1, . . . , yn; θ


,

l = 1, . . . , s; i = 1, 2, . . . , n.

Let Y−i =

Yj
n
j=1,j≠i. The corresponding U-statistic is then given

by b̄l (θ) = n−1n
i=1 bl (Yi, Y−i; θ), with Eb̄l (θ) = Bl (θ). Since

bl (·)s are bounded functions on [0, 1], the asymptotic normality of
b̄l (θ) for l = 1, 2, . . . , s follows from the standard theorems for
U-statistics (see, e.g., Chapter 5.5 of Serfling (1980)).

Because θ is unknown and we replace it by θ̂ , the asymptotic
distribution of b̄(s)(θ̂) differs from that of b̄(s)(θ), where b̄(s) (θ) =
b̄1 (θ) , b̄3 (θ) , . . . , b̄2s−1 (θ)

′
. But b̄(s) is not differentiable in

θ , a direct Taylor expansion of b̄(s)(θ) around θ is not feasible.
Using Theorem 2.8 of Randles (1982), we can instead derive the
asymptotic normality of b̄(s)(θ̂) through the following expansion
√
n(b̄(s)(θ̂) − B(s)(θ)) =

√
n(b̄(s)(θ) − B(s)(θ))

+
√
n(θ̂ − θ)

∂B(s)(θ)

∂θ
+ op(1), (A.3)

where B(s) (θ) = (B1 (θ) , B3 (θ) , . . . , B2s−1 (θ))′.
We seek to establish the asymptotic normality of the right hand

side of (A.3) by showing that
√
n

b̄(s)(θ̂) − B(s)(θ̂) − b̄(s)(θ) + B(s)(θ)


p

→ 0, (A.4)

and
√
n

b̄(s)(θ) − B(s)(θ) + B(s)(θ̂) − B(s)(θ)


d

→ N (0, V ). (A.5)
Under Assumption 2, we have
√
n(θ̂ − θ) = Op(1). Further

assume that there is a neighborhood of θ , sayM(θ), and a constant
M1 > 0 such that if γ ∈ M(θ) and D(γ , d) is a sphere centered at
γ with radius d satisfying D(γ , d) ⊂ M(θ), then for l = 1, . . . , s

E


sup

γ ′∈D(γ ,d)
|bl(Y1, Y−1; γ ′) − bl(Y1, Y−1; γ )|


≤ M1d. (A.6)

Applying Lemma 2.6 of Randles (1982), by the boundedness of the
kernel function h, (A.6) implies that

lim
d→0

E


sup

γ ′∈D(γ ,d)
|bl(Y1, Y−1; γ ′) − bl(Y1, Y−1; γ )|2


= 0. (A.7)

Next define

Q (a) =
√
n

n
i=1


b̃l(Yi, Y−i; θ + a/

√
n) − b̃l(Yi, Y−i; θ)


,

where b̃l(·; θ) = bl(·; θ)−E[bl(·; θ)]. We need to show Q (
√
n(θ −

θ))
p

→ 0. Given an arbitrary δ > 0, there exists a bounded interval
C centered at the origin such that

P[
√
n(θ̂ − θ) ∉ C] ≤ δ/2

for sufficiently large n. Note that for an arbitrary ε > 0,

P

|Q
√

n(θ̂ − θ)


| > ε


≤ P

sup
a∈C

|Q (a)| > ε


+ P

√
n(θ̂ − θ) ∉ C


. (A.8)

Using Theorem3.1 of Sukhatme (1958),wehave supa∈C |Q (a)|
p

→ 0.
It follows thatwith proper choice of C , both terms on the right hand
side of (A.8) can be made arbitrarily small and thus converge to
zero as n → ∞.

Finally, suppose that B(s) (θ) has a nonzero derivative with
respect to θ . Under Assumption 2, the joint asymptotic normality
of b̄j (θ) and θ̂ is obtained by adding the left hand sides of (A.4) and
(A.5). �

Proof of Theorem 2. The key to the simplification is that b(s)(θ̂) →

B(s) (θ) = 0 under the null hypothesis of symmetry around θ . Fol-
lowing Pierce (1982), let ln (θ) be the log-likelihood function of the
sample andUn (θ) its derivativewith respective to θ . Since Eb(s) (θ)
is constant in θ , we then have

0 =
∂

∂θ
E[b(s)(θ)] =

∂

∂θ


b(s) (θ) exp (ln (θ)) d (x1, . . . , dxn)


=

 
∂

∂θ
b(s) (θ)


exp (ln (θ)) d (x1, . . . , dxn)

+


b(s) (θ)Un (θ) exp (ln (θ)) d (x1, . . . , dxn) .

Since the expectation of b(s) (θ) is zero under the symmetry of F ,
we have
∂

∂θ
E[b(s)(θ)] = −cov

√
nb(s) (θ) ,Un (θ) /

√
n

.

It follows that

G (θ) = lim
n→∞

∂

∂θ
E[b(s)(θ)] = − lim

n→∞
cov

√
nb(s) (θ) ,Un (θ) /

√
n


= − lim
n→∞

cov
√

nb(s) (θ) , V−1
θ

√
n

θ̂ − θ


= −cov


b(s) (θ) , θ̂


= −Vbθ/V−1

θ .
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Plugging this result into Theorem 1 yields readily that

var

b̄(s)


θ̂


= Vb − G (θ) VθG (θ)′ = Vb − VbθV ′

bθ/Vθ . �

Proof of Theorem 3. Under Assumption 1 and that E[Y 2
1 ] < ∞,

we have θ̂
p

→ θ and supy |sF̂θ̂ (y) − sFθ (y)| → 0 as n → ∞.

Using the boundedness of bl’s, it follows that b̄(s)(θ̂)
p

→ B(s)(θ),
V̂b

p
→ Vb, V̂bθ

p
→ Vbθ , and V̂θ

p
→ Vθ . Since Vθ > 0, V̂(s)

p
→ V(s) =

Vb − VbθV ′

bθ/Vθ . The asymptotic normality of b̄(s)V̂−1
(s) b̄

′

(s) under the
null hypothesis of symmetry then follows from Theorem 2.

Proof of Theorem 4. Under Assumptions 1 and 2, suppose that
F is symmetric about θ , we have θ̂

p
→ θ as n → ∞ and Xi =

sF̂θ̂ (Yi), i = 1, . . . , n, follow an asymptotic uniform distribution.
We first look at the selection rule (4). Note that Pr(S = 1) =

1 −
Kn

s=1 Pr(S = s). Under Assumption 3, applying Theorem 3.2
of Kallenberg and Ledwina (1995), we have for 0 < ε < 2/3,

Pr(S = s) ≤ Pr

Ls −

1
2
s log n ≥ L1 −

1
2
log n


≤ Pr


n


sup

γ (s)∈Rs
(γ (s))′b̄(s)(θ̂) − c(γ (s))



≥
1
2
(s − 1) log n



≤ Pr


∥b̄(s)(θ̂)∥2
≥ (2 − ε)

1
2
(s − 1) log n/n


.

By taking ε small enough, for any ξ > 0 and s ∈ {1, . . . , Kn}, we
have

Pr(S = s) ≤ n−(1−ξ)(s−1)/2

for n = n(ξ) large enough. It follows that

Pr(S = 1) ≥ 1 −

Kn
s=2

n−(1−ξ)(s−1)/2
→ 1 as n → ∞.

Next under the null hypothesis of symmetry, bl = 0 for all l’s in (1).
Applying Lemma 2 of Claeskens and Hjort (2004) yields NS

p
→ 2LS

as n → ∞, where NS and LS are given by (2) and (3) respectively.
It follows that Pr(S = 1) → 1 under the selection rule (14) based
on Ns.

Having established that S tends to one, that TS
d

→ χ2
1 as n → ∞

follows from Theorem 3. �

Proof of Theorem 5. Suppose Assumption 4 holds and K is fixed,
it suffices to show that limn→∞ Pr(S = s) = 0 for s = 1, . . . , K−1,
which is given by Theorem 4.1 of Kallenberg and Ledwina (1995)
the selection rule (4). By the asymptotic equivalence between NS
and TS , the selection rules (4) and (14) tend to select the same S
asymptotically. It follows that Pr(S ≥ K) = 1 as n → ∞ for TS
given by (13) with S selected according to (14). Furthermore, for
x ∈ R+, we have

Pr(TS ≤ x) = Pr(TS ≤ x, S ≥ K) + o(1)

= Pr

√
n

n
i=1

bK (Xi)

2

≤ x

+ o(1)

as n → ∞. Since EP [bK (X)] ≠ 0, we have TS
p

→ ∞ by the law of
large numbers. �
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